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CANONICAL MEASURES AND K ¨AHLER-RICCI FLOW 1
Jian Song∗ and Gang Tian†
Abstract
We show that the Ka¨hler-Ricci flow on an algebraic manifold of positive Kodaira di-
mension and semi-ample canonical line bundle converges to a unique canonical metric on
its canonical model. It is also shown that there exists a canonical measure of analytic Zariski
decomposition on an algebraic manifold of positive Kodaira dimension. Such a canonical
measure is unique and invariant under birational transformations under the assumption of
the finite generation of canonical rings.
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1 Introduction
It has been the subject of intensive study over the last few decades to study the existence of
Ka¨hler-Einstein metrics on a compact Ka¨hler manifold, following Yau’s solution to the Calabi
conjecture (cf. [Ya2], [Au], [Ti2], [Ti3]). The Ricci flow (cf. [Ha, Ch]) provides a canonical
deformation of Ka¨hler metrics in Ka¨hler geometry. Cao [Ca] gave an alternative proof of the
existence of Ka¨hler-Einstein metrics on a compact Ka¨hler manifold with trivial or negative first
Chern class by the Ka¨hler-Ricci flow. However, most algebraic manifolds do not have a definite
or trivial first Chern class. It is a natural question to ask if there exist any well-defined canonical
metrics on these manifolds or on varieties canonically associated to them. Tsuji [Ts1] applied
the Ka¨hler-Ricci flow and proved the existence of a canonical singular Ka¨hler-Einstein metric on
a minimal algebraic manifold of general type. It was the first attempt to relate the Ka¨hler-Ricci
flow and canonical metrics to the minimal model program. Since then, many interesting results
have been achieved in this direction. The long time existence of the Ka¨hler-Ricci flow on a min-
imal algebraic manifold with any initial Ka¨hler metric is established in [TiZha]. The regularity
problem of the canonical singular Ka¨hler-Einstein metrics on minimal algebraic manifolds of
general type is intensively studied in [Zh, EyGuZe1].
In this paper, we propose a program of finding canonical measures on algebraic varieties
of positive Kodaira dimension. Such a canonical measure can be considered as a birational
invariant and it induces a canonical singular metric on the canonical model, generalizing the
notion of Ka¨hler-Einstein metrics.
Let X be an n-dimensional compact Ka¨hler manifold. A Ka¨hler metric can be given by its
Ka¨hler form ω on X . In local coordinates z1, ..., zn, we can write ω as
ω =
√−1
n∑
i,j=1
gij¯dzi ∧ dzj¯ ,
where {gij¯} is a positive definite hermitian matrix function. Consider the normalized Ka¨hler-
Ricci flow 

∂ω(t, ·)
∂t
= −Ric(ω(t, ·))− ω(t, ·),
ω(0, ·) = ω0,
(1.1)
where ω(t, ·) is a family of Ka¨hler metrics on X , Ric(ω(t, ·)) denotes the Ricci curvature of
ω(t, ·) and ω0 is a given Ka¨hler metric.
Let X be a minimal algebraic manifold. If the canonical line bundle KX of X is ample and
ω0 represents [KX ], it is proved in [Ca] that (1.1) has a global solution ω(t, ·) for all t ≥ 0 and
ω(t, ·) converges to a unique Ka¨hler-Einstein metric of on X . Tsuji showed in [Ts1] that (1.1)
has a global solution ω(t, ·) under the assumption that the initial Ka¨hler class [ω0] > [KX ]. This
additional assumption was removed in [TiZha], moreover, if KX is also big, ω(t, ·) converges
to a singular Ka¨hler-Einstein metric with locally bounded Ka¨hler potential as t tends to ∞ (see
[Ts1, TiZha]).
If KX is not big, the Kodaira dimension of X is smaller than its complex dimension. In
particular, when X is a minimal Ka¨hler surface of Kodaira dimension 1, it must be a minimal
elliptic surface and does not admit any Ka¨hler-Einstein current in −c1(X), with bounded local
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potential smooth outside a subvariety. Hence, one does not expect that ω(t, ·) converges to a
smooth Ka¨hler-Einstein metric outside a subvariety of X in general.
Let f : X → Xcan be a minimal elliptic surface of kod(X) = 1. Suppose all the singular
fibres are given by Xs1 = f−1(s1), ... , Xsk = f−1(sk) of multiplicity mi ∈ N, i = 1, ..., k.
In [SoTi], the authors proved that the Ka¨hler-Ricci flow on X converges for any initial Ka¨hler
metric to a positive current ωcan on the canonical model Xcan satisfying
Ric(ωcan) = −ωcan + ωWP + 2π
k∑
i=1
mi − 1
mi
[si], (1.2)
where ωWP is the induced Weil-Petersson metric and [si] is the current of integration associated
to the divisor si on Xcan. ωcan is called a generalized Ka¨hler-Einstein metric on Xcan. Moreover,
the Ka¨hler-Ricci flow is collapsing onto Xcan exponentially fast with uniformly bounded scalar
curvature away from the singular fibres.
The first result of this paper is to generalize the above convergence result on the Ka¨hler-Ricci
flow to algebraic manifolds of positive Kodaira dimension and semi-ample canonical bundle.
Let X be an n-dimensional algebraic manifold of Kodaira dimension 0 < κ < n. We
assume that canonical line bundle KX is semi-ample, then the canonical ring R(X,KX) is
finitely generated and the pluricanonical system induces an algebraic fibre space f : X → Xcan.
Each nonsingular fibre of f is a nonsingular Calabi-Yau manifold. We denote by X◦can the set of
all nonsingular points s ∈ Xcan such that f−1(s) is a nonsingular fibre and let X◦ = f−1(X◦can).
TheL2-metric on the moduli space of nonsingular Calabi-Yau manifolds induces a semi-positive
(1, 1)-form ωWP of Weil-Petersson type on X◦can. We will study the Ka¨hler-Ricci flow starting
from any Ka¨hler metric and describe its limiting behavior as time goes to infinity.
Theorem A Let X be a nonsingular algebraic variety with semi-ample canonical line bundle
KX and so X admits an algebraic fibration f : X → Xcan over its canonical model Xcan.
Suppose 0 < dimXcan = κ < dimX = n. Then for any initial Ka¨hler metric, the Ka¨hler-Ricci
flow (1.1) has a global solution ω(t, ·) for all time t ∈ [0,∞) satisfying:
1. ω(t, ·) converges to f ∗ωcan ∈ −2πc1(X) as currents for a positive closed (1, 1)-current
ωcan on Xcan with continuous local potential.
2. ωcan is smooth on X◦can and satisfies the generalized Ka¨hler-Einstein equation on X◦can
Ric(ωcan) = −ωcan + ωWP . (1.3)
3. for any compact subset K ∈ X◦can, there is a constant CK such that
||R(t, ·)||L∞(f−1(K)) + e(n−κ)t sup
s∈K
||ωn−κ(t, ·)|Xs||L∞(Xs) ≤ CK , (1.4)
where Xs = f−1(s).
Therefore, the Ka¨hler-Ricci collapses onto the canonical model with bounded scalar curva-
ture away from the singular fibres and the volume of each nonsingular fibre tends to 0 expo-
nentially fast. In fact, the local potential of ω(t, ·) converges on X◦ locally in C0-topology (cf.
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Proposition 5.4). It should also converge locally in C1,1-topology on X◦ as in the surface case
(cf. [SoTi]) and this will be studied in detail in a forthcoming paper.
Similar phenomena also appears in the real setting as a special type-III Ricci flow solution
without the presence of singular fibres. It is discovered and intensively studied in [Lo].
The abundance conjecture in algebraic geometry predicts that the canonical line bundle is
semi-ample if it is nef. If the abundance conjecture is true, then Theorem A immediately implies
that on all nonsingular minimal models of positive Kodaira dimension the Ka¨hler-Ricci flow
converges to a unique canonical metric on their canonical model.
In general, the canonical line bundle of an algebraic manifold of positive Kodaira dimension
is not necessarily semi-ample or even nef. The minimal model program in birational geometry
deals with the classification of algebraic varieties and aims to choose a minimal model in each
birational equivalence class. Tsuji claimed in [Ts3] that there exists a singular Ka¨hler-Einstein
metric of analytic Zariski decomposition on algebraic manifolds of general type without assum-
ing the finite generation of the canonical ring. Such a metric is constructed through a family of
Ka¨hler-Einstein metrics as the limits of a parabolic Monge-Ampe`re equation of Dirichlet type.
The approach is interesting but rather complicated. The recent exciting development in the study
of degenerate complex Monge-Ampe`re equations (cf. [Kol1, Zh, EyGuZe1]) enables the authors
to give an independent and correct proof.
Theorem B.1 Let X be an algebraic manifold of general type. Then there exists a measure
ΩKE on X such that
1. (KX ,Ω−1KE) is an analytic Zariski decomposition.
2. Let ωKE =
√−1∂∂ log ΩKE be the closed positive (1, 1) current on X . Then there exists
a non-empty Zariski open subset U of X such that Ric(ωKE) =
√−1∂∂ log(ωKE)n is
well-defined on U and
Ric(ωKE) = −ωKE.
The proof of Theorem B.1 is given in Section 4.3. The existence of such a canonical Ka¨hler-
Einstein metric is also considered by Siu in [Si1] as an alternative approach to attack the problem
of the finite generation of canonical rings. A degenerate Monge-Ampe`re equation of Dirichlet
type is considered and the solution is expected to be unique. Indeed, if the canonical rings
are finitely generated, such a solution coincide with the Ka¨hler-Einstein metrics constructed in
Theorem B.1. We hope that Theorem B.1 might help to gain more understanding of the finite
generation of canonical rings from an analytic point of view. Theorem B.1 can be generalized
to algebraic manifolds of positive Kodaira dimension.
Theorem B.2 Let X be an n-dimensional algebraic manifold of Kodaira dimension 0 < κ < n.
There exists a measure Ωcan on X bounded above such that (KX ,Ω−1can) is an analytic Zariski
decomposition. Let Φ† : X† → Y † be any Iitaka fibration of X with π† : X† → X and
Ω† = (π†)∗Ωcan . Then
1.
(
KX† ,
(
Ω†
)−1) is an analytic Zariski decomposition.
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2. There exists a closed positive (1, 1)-current ω† on Y † such that
(
Φ†
)∗
ω† =
√−1∂∂ log Ω†
on a Zariski open set of X†. Furthermore, we have
(ω†)κ = (Φ†)∗Ω†, (1.5)
on Y † and so on a Zariski open set of Y †,
Ric(ω†) = −ω† + ωWP . (1.6)
The definition of ωWP in Theorem B.2 is given in Section 4.4 and it is a generalization of
the Weil-Petersson form induced from an algebraic deformation space of algebraic manifolds of
Kodaira dimension 0.
In fact, the hermitian metric Ω−1can (also Ω−1KE) on KX constructed in the proof of Theorem
B.2 (also Theorem B.1) has stronger properties than the analytic Zariski decomposition. Let
ΨX,ǫ =
∞∑
m=1
dm∑
j=0
ǫm,j |σm,j| 2m ,
where {σm,j}dmj=0 spansH0(X,mKX) and {ǫm,j > 0} is a sequence such that ΨX,ǫ is convergent.
ΨX,ǫ is a measure or a semi-positive (n, n)-current on X . Then from the construction of Ωcan in
the proof of Theorem B.2 (also Theorem B.1)
ΨX,ǫ
Ωcan
<∞. (1.7)
If the canonical ring R(X,KX) is finitely generated, one can replace ΨX,ǫ by
ΨX =
M∑
m=0
dm∑
j=0
|σm,j | 2m
for some M sufficiently large.
Recently, the finite generation of canonical rings on algebraic varieties of general type was
proved independently by [BiCaHaMc] and [Si2]. By assuming the finite generation of canonical
rings, Theorem B.1 and B.2 can be strengthened and the proof can be very much simplified. It
turns out that the canonical measure in Theorem B.1 and B.2 is unique and invariant under
birational transformations.
Theorem C.1 Let X be an algebraic manifold of general type. If the canonical ring R(X,KX)
is finitely generated, the Ka¨hler-Einstein measure constructed in Theorem B.1 is continuous on
X and smooth on a Zariski open set ofX . Furthermore, it is the pullback of the unique canonical
Ka¨hler-Einstein measure ΩKE from Xcan satisfying
(
√−1∂∂ log ΩKE)n = ΩKE. (1.8)
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The unique Ka¨hler-Einstein metric with continuous local potential and the associated Ka¨hler-
Einstein measure on the canonical model Xcan is constructed in [EyGuZe1]. The Ka¨hler-
Einstein measure in Theorem C.1 is invariant under birational transformations and so it can
be considered as a birational invariant. Theorem C.1 can also be generalized to all algebraic
manifolds of positive Kodaira dimension.
Theorem C.2 Let X be an n-dimensional algebraic manifold of Kodaira dimension 0 < κ <
n. If the canonical ring R(X,KX) is finitely generated, then there exists a unique canonical
measure Ωcan on X satisfying
1. 0 < ΨX
Ωcan
<∞.
2. Ωcan is continuous on X and smooth on a Zariski open set of X .
3. Let Φ : X 99K Xcan be the pluricanonical map. Then there exists a unique closed
positive (1, 1)-current ωcan with bounded local potential on Xcan such that Φ∗ωcan =√−1∂∂ log Ωcan outside the base locus of the pluricanonical system. Furthermore, on
Xcan
(ωcan)
κ = Φ∗Ωcan,
and
Ric(ωcan) = −ωcan + ω¯WP .
In particular, Ωcan is invariant under birational transformations.
ω¯WP is defined in Section 4.5 (cf. Definition 4.2) and it coincides with ωWP in Theorem B.2
on a Zariski open set of Xcan by choosing Y † to be Xcan. Theorem C.1 and Theorem 3.2 are
proved in Section 4.5.
2 Preliminaries
2.1 Kodaira dimension and semi-ample fibrations
Let X be an n-dimensional compact complex algebraic manifold and L → X a holomorphic
line bundle over X . Let N(L) be the semi-group defined by
N(L) = {m ∈ N | H0(X,Lm) 6= 0}.
Given any m ∈ N(L), the linear system |Lm| = PH0(X,Lm) induces a rational map φm
Φm : X 99K CP
dm
by any basis {σm,0, σm,1, ... , σm,dm} of H0(X,Lm)
Φm(z) = [σm,0, σm,1, ... , σm,dm(z)] ,
where dm + 1 = dimH0(X,Lm). Let Ym = Φm(X) ⊂ CPdm be the image of the closure of
the graph of Φm.
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Definition 2.1 The Iitaka dimension of L is defined to be
κ(X,L) = max
m∈N(L)
{dimYm}
if N(L) 6= φ, and κ(X,L) = −∞ if N(L) = φ.
Definition 2.2 Let X be an algebraic manifold and KX the canonical line bundle over X . Then
the Kodaira dimension kod(X) of X is defined to be
kod(X) = κ(X,KX).
The Kodaira dimension is a birational invariant of an algebraic variety and the Kodaira di-
mension of a singular variety is equal to that of its smooth model.
Definition 2.3 Let L → X be a holomorphic line bundle over a compact algebraic manifold
X . L is called semi-ample if Lm is globally generated for some m > 0.
For any m ∈ N such that Lm is globally generated, the linear system |Lm| induces a holo-
morphic map Φm
Φm : X → CPdm
by any basis of H0(X,Lm). Let Ym = Φm(X) and so Φm can be considered as
Φm : X → Ym.
The following theorem is well-known (cf. [La, Ue]).
Theorem 2.1 Let L → X be a semi-ample line bundle over an algebraic manifold X . Then
there is an algebraic fibre space
Φ∞ : X → Y
such that for any sufficiently large integer m with Lm being globally generated,
Ym = Y and Φm = Φ∞,
where Y is a normal algebraic variety. Furthermore, there exists an ample line bundle A on Y
such that Lm = (Φ∞)∗A.
If L is semi-ample, the graded ring R(X,L) = ⊕m≥0H0(X,Lm) is finitely generated and
so R(X,L) = ⊕m≥0H0(X,Lm) is the coordinate ring of Y .
Definition 2.4 Let L→ X be a semi-ample line bundle over an algebraic manifoldX . Then the
algebraic fibre space Φ∞ : X → Y as in Theorem 2.1 is called the Iitaka fibration associated
to L and it is completely determined by the linear system |Lm| for sufficiently large m.
In particular, if the canonical bundle KX is semi-ample, the algebraic fibre space associated
to KX
f : X → Xcan
is called the Iitaka fibration of X , where f = Φ∞ and Xcan is called the canonical model of X .
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2.2 Iitaka fibrations
In general, the canonical line bundle is not necessarily semi-ample, and the asymptotic behavior
of the pluricanonical maps is characterized by the following fundamental theorem on Kodaira
dimensions due to Iitaka (cf. [Ue]).
Theorem 2.2 Let X be an n-dimensional algebraic manifold of positive Kodaira dimension.
Then for all sufficiently large m ∈ N(KX), the pluricanonical maps Φm : X → Ym are
birationally equivalent to an algebraic fibre space
Φ† : X† → Y †
unique up to birational equivalence satisfying
1. There exists a commutative diagram for sufficiently large m ∈ N(KX)
X X†
Ym Y †
♣
♣
♣
♣
♣
♣
♣
♣❄
Φm
✛π
†
❄
Φ†
♣♣♣♣♣♣♣✛
µm
(2.1)
of rational maps with π† and µm being birational.
2. dim Y † = kod(X).
3. A very general fibre of Φ† has Kodaira dimension 0.
2.3 Analytic Zariski decomposition
Let X be a compact complex manifold and L be a holomorphic line bundle on X equipped with
a smooth hermitian metric h0.
A singular hermitian metric h on L is given by
h = h0e
−ϕ
for some ϕ ∈ L1(M).
Let Θh0 be the curvature of h0 defined by
Θh0 = −
√−1∂∂ log h0.
Then the curvature Θh of h as a current is defined by
Θh = Θh0 +
√−1∂∂ϕ.
Definition 2.5 L is called pseudoeffective if there exists a singular hermitian metric h on L such
that the curvature Θh is a closed positive current. Let
Ph0(X) = {ϕ ∈ L1(X) | Θh0 +
√−1∂∂ϕ ≥ 0 as current}.
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Definition 2.6 Let ϕ ∈ Ph0(X) and h = h0e−ϕ. The multiplier ideal sheaf I(h) ⊂ OX(L) or
I(ϕ) is defined by
Γ(U, I(h)) = {f ∈ Γ(U,OX(L)) | |f |2h0e−ϕ ∈ L1loc(U)}.
The notion of analytic Zariski decomposition is an analytic analog of Zariski decomposition
and it is introduced in [Ts1] to study a pseudoeffective line bundle.
Definition 2.7 A singular hermitian metric h on L is an analytic Zariski decomposition if
1. Θh is a closed semi-positive current,
2. for every m ≥ 0, the natural inclusion
H0(X,OX(mL)⊗ I(hm))→ H0(X,OX(mL))
is an isomorphism.
2.4 Complex Monge-Ampe`re equations
Let X be an n-dimensional Ka¨hler manifold and let ω be a smooth closed semi-positive (1, 1)-
form. ω is Ka¨hler if it is positive and ω is called big if [ω]n =
∫
X
ωn > 0.
Definition 2.8 A quasi-plurisubharmonic function associated to ω is a function ϕ : X →
[−∞,∞) such that for any smooth local potential ψ of ω, ψ + ϕ is plurisubharmonic. We
denote by PSH(X,ω) the set of all quasi-plurisubharmonic functions associated to ω on X .
The following comparison principle for quasi-plurisubhharmonic functions on compact Ka¨hler
manifolds is well-known.
Theorem 2.3 Let X be an n-dimensional Ka¨hler manifold. Suppose ϕ, ψ ∈ PSH(X,ω) for a
big smooth closed semi-positive (1, 1)-form ω. Then∫
ϕ<ψ
(ω +
√−1∂∂ψ)n ≤
∫
ϕ<ϕ
(ω +
√−1∂∂φ)n.
In [Kol1], Kolodziej proved the fundamental theorem on the existence of continuous solu-
tions to the Monge-Ampe`re equation (ω +
√−1∂∂ϕ)n = Fωn, where ω is a Ka¨hler form and
F ∈ Lp(X,ωn) for some p > 1. Its generalization was independently carried out in [Zh] and
[EyGuZe1]. They proved that there is a bounded solution when ω is semi-positive and big. A
detailed proof for the continuity of the solution was given in [DiZh] (also see [Zh] for an earlier
and sketched proof). These generalizations are summarized in the following.
Theorem 2.4 Let X be an n-dimensional Ka¨hler manifold and let ω be a big smooth closed
semi-positive (1, 1)-form. Then there exists a unique continuous solution to the following Monge-
Ampe`re equation
(ω +
√−1∂∂ϕ)n = FΩ,
where Ω > 0 is a smooth volume form on X , F ∈ Lp(X,Ω) for some p > 1 and ∫
X
FΩ =∫
X
ωn.
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Recently, Demailly and Pali proved the following uniform estimate and we refer the readers
to the general statement in [DePa]. Such an L∞-estimate is also independently obtained in
[EyGuZe2].
Theorem 2.5 Let X be an n-dimensional Ka¨hler manifold. Let Ω > 0 be a smooth volume form
and ω be a smooth Ka¨hler form such that ω ≤ ω0 for some smooth Ka¨hler form ω0 on X . Let
ϕ ∈ PSH(X,ω) ∩ L∞(X) be a solution of the degenerate complex Monge-Ampe`re equation
(ω +
√−1∂∂ϕ)n = FΩ with F ∈ Lp(X) for some p > 1. Suppose
1.
∫
X
(
F
[ω]n
)p
Ω ≤ A,
2. ω
n
[ω]nΩ
+
∫
X
(
[ω]nΩ
ωn
)ǫ
Ω ≤ B, for some ǫ > 0.
Then
sup
X
ϕ− inf
X
ϕ ≤ C(Ω, ω0, ǫ, p, A,B).
The estimate in Theorem 2.5 assumes very weak dependence on the reference form ω and
it is essential in deriving the C0-estimate for the Ka¨hler-Ricci flow on algebraic manifolds with
positive Kodaira dimension and semi-ample canonical line bundle (cf. Section 5.2).
3 Canonical metrics for semi-ample canonical bundle
3.1 Canonical metrics on canonical models
Let X be an n-dimensional complex algebraic manifold with semi-ample canonical line bundle
KX . Fix m ∈ N(KX) sufficiently large and let f = Φm, the Iitaka fibration of X is then given
by the following holomorphic map
f : X → Xcan ⊂ CPdm .
We assume that 0 < κ = kod(X) < n and so X is an algebraic fibre space over Xcan. Let
X◦can = {y ∈ Xcan | y is a nonsingular and Xy = f−1(s) is nonsingular fibre}
and X◦ = f−1(X◦can). The following proposition is well-known.
Proposition 3.1 We have
KX =
1
m
f ∗O(1).
For all y ∈ X◦can, KXy is numerically trivial and so c1(Xy) = 0.
Thus X can be considered as a holomorphic fibration of polarized Calabi-Yau manifolds
over its canonical model Xcan. Since f : X → Xcan ∈ CPdm and −c1(X) = 1m [f ∗O(1)], we
can define
χ =
1
m
√−1∂∂ log
dm∑
j=0
|σm,j |2 ∈ −2πc1(X)
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as a multiple of the pulled back Fubini-Study metric onCPdm by a basis {σm,j}dmj=0 ⊂ H0(X,KmX ).
We can also consider χ as the restriction of the multiple of the Fubini-Study metric on the
normal variety Xcan and we identify χ and f ∗χ for convenience.
Let Ω =
∑dm
j=0 |σm,j |2. Since KmX is base point free, Ω is a smooth nondegenerate volume
form on X such that √−1∂∂ log Ω = χ.
Definition 3.1 The pushforward f∗Ω with respect to the holomorphic map f : X → Xcan is
defined as currents as the following. For any continuous function ψ on Xcan∫
Xcan
ψf∗Ω =
∫
X
(f ∗ψ)Ω.
Lemma 3.1 On X◦can,
f∗Ω =
∫
Xy
Ω.
Definition 3.2 We define a function F on Xcan by
F =
f∗Ω
χκ
. (3.1)
Lemma 3.2 Given any Ka¨hler class [ω] on X , there is a smooth function ψ on X◦ such that
ωSF := ω +
√−1∂∂ψ is a closed semi-flat (1, 1)-form in the following sense: the restriction of
ωSF to each smooth Xy ⊂ X◦ is a Ricci flat Ka¨hler metric.
Proof For each y ∈ X◦can, let ωy be the restriction of ω to Xy and ∂V and ∂V be the restriction
of ∂ and ∂ to Xy. Then by the Hodge theory, there is a unique function hy on Xy defined by

∂V ∂V hy = −∂V ∂V log ωn−κy ,∫
Xy
ehyωn−κy =
∫
Xy
ωn−κy .
(3.2)
By Yau’s solution to the Calabi conjecture, there is a unique ψy solving the following Monge-
Ampe`re equation 

(ωy+
√−1∂V ∂V ψy)n−κ
ωn−κy
= ehy
∫
Xy
ψyω
n−κ
y = 0.
(3.3)
Since f is holomorphic, ψ(z, s) = ψy(z) is well-defined as a smooth function on X◦.
✷
For each y ∈ X◦can, there exists a holomorphic (n− κ, 0) form η on Xy such that η ∧ η is a
Calabi-Yau volume form and
∫
Xy
η ∧ η = ∫
Xy
(
ω|Xy
)n−κ
.
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Definition 3.3 The closed (n− κ, n− κ)-current Θ on X◦ is defined to be
Θ = (ωSF )
n−κ
. (3.4)
Let Θy = Θ|Xy for y ∈ X◦can be the restriction of Θ on a nonsingular fibre Xy. Then Θy is a
smooth Calabi-Yau volume form with∫
Xy
Θy = [ω]
n−κ ·Xy = constant.
We can always scale [ω] such that [ω]n−κ ·Xy = 1 for y ∈ X◦can.
Lemma 3.3 On X◦, we have
f ∗F =
(
Ω
Θ ∧ χκ
)
. (3.5)
Furthermore, Θ can be extended to X as current such that f ∗F =
(
Ω
Θ∧χκ
)
on X .
Proof Let F =
(
Ω
Θ∧χκ
)
be defined on X◦. We first show that F is constant along each fibre Xy
for y ∈ X◦can.
Since χ is the pullback from Xcan, we have
√−1∂V ∂V log Ω =
√−1∂V ∂V logΘ ∧ χκ = 0
on each nonsingular fibre Xy. On the other hand, F is smooth on each Xy for y ∈ X◦can,
therefore F is constant along Xy and F can be considered as the pullback of a function from
X◦can.
Now we can show (3.5). Let ψ be any smooth test function on X◦can. Let y0 be a fixed point
in X◦can.
∫
X◦can
ψFχκ =
∫
X◦can
ψf∗Ω =
∫
y∈X◦can
ψ
(∫
Xy
Ω
)
=
∫
X◦
ψΩ
On the other hand,
∫
X◦can
ψFχκ =
∫
y∈X◦can
ψ
(
Ω
Θ ∧ χκ
)(∫
Xy
Θy
)
χκ
=
∫
y∈X◦can
∫
Xy
ψ
(
Ω
Θ ∧ χκ
)
Θy ∧ χκ
=
∫
X◦
ψΩ.
Therefore f ∗F = F .
Let ψ′ be any smooth test function on X . Θ can be extended as current to X such that
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∫
X
ψ′f ∗FΘ ∧ χκ =
∫
X
ψ′Ω.
✷
Proposition 3.2 F is smooth on X◦can and there exists ǫ > 0 such that
F ∈ L1+ǫ(Xcan).
Proof Calculate ∫
Xcan
F 1+ǫχκ =
∫
X
(f ∗F )1+ǫ χκ ∧Θ =
∫
X
(f ∗F )ǫΩ.
Also for any y ∈ X◦can, we can choose z0 ∈ Xy such that on Xy ωn−κ(z0) = ωn−κSF (z0) since Xy
is smooth and
∫
Xy
ωn−κ =
∫
Xy
ωn−κSF . Then
|F (y)| = Ω
χκ ∧ ωn−κSF
=
Ω
χκ ∧ ωn−κ
ωn−κ
ωn−κSF
(z0)
=
Ω
χκ ∧ ωn−κ (z0)
≤ sup
Xy
Ω
χκ ∧ ωn−κ .
Therefore F is bounded by poles and (f ∗F )ǫ is integrable for sufficiently small ǫ > 0.
✷
Proposition 3.3 Let π : Y → Xcan be a smooth model of Xcan by resolution of singularities of
Xcan. π
∗F has at worst pole singularities on Y .
Proof Let D be a divisor on Xcan such that Xcan \X◦can ⊂ SD. Let SD be the defining section
of D and hD be the hermitian metric on the line bundle associated to [D] such that π∗
(|SD|2hD)
is a smooth function. For any continuous volume form Ω′ on X ,
f∗
(|SD|2NhDΩ′)
=
∫
Xs
|SD|2NhDΩ′
=
(∫
Xs
|SD|2NhD
(
Ω′
χκ ∧ ωn−κ
)
(ω |Xs )n−κ
)
χκ
for s ∈ X◦can. Since |SD|2NhD Ω
′
χκ∧ωn−κ <∞ for sufficiently large N , there exists a constant C such
that
0 ≤ f∗
(|SD|2NhDΩ′) < χκ.
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Let FN = |SD|2NhDF . Then on X◦can
√−1∂∂FN
=
√−1∂∂
(∫
Xs
|SD|2NhD
Ω
χκ ∧ ωn−κω
n−κ
)
=
∫
Xs
√−1∂∂
(
|SD|2NhD
Ω
χκ ∧ ωn−κ
)
∧ ωn−κ
≤ C|SD|2MhD
∫
Xs
ωn−κ+1
for some sufficiently large M by choosing N sufficiently large.
Let η be any semi-positive smooth (κ− 1, κ− 1)-form supported on X◦can. Then∫
Xcan
η ∧√−1∂∂FN
≤ C|SD|2MhD
∫
X
f ∗η ∧ ωn−κ+1
= C|SD|2MhD
∫
Xcan
(∫
Xs
ωn−κ+1 ∧ χκ−1
χκ
)
f ∗η ∧ χ
≤ C ′|SD|2LhD
∫
Xcan
η ∧ χ
if we chose N sufficiently large.
Similar lower bound of
√−1∂∂FN can be achieved and so for sufficiently large N , on X◦can
−Cχ ≤ √−1∂∂FN ≤ Cχ.
Let ωY be a Ka¨hler metric on Y and ∆Y be the Laplace operator associated to ωY . Then for
sufficiently large N
|∆Y π∗FN | ≤ C.
Also we can assume that π∗
(|SD|2NhD)ωY ≤ f ∗χ for sufficiently large N . After repeating the
above estimates, we have for any k ≥ 0, there exists sufficiently large N and Ck,N such that∣∣∣(∆Y )k (π∗FN)∣∣∣ ≤ Ck,N .
By standard elliptic estimates, π∗FN is uniformly bounded in Ck if we choose N sufficiently
large, therefore π∗F can have at worst pole singularities.
✷
Now let us recall some facts on the Weil-Petersson metric on the moduli space M of polar-
ized Calabi-Yau manifolds of dimensionn−κ . LetX →M be a universal family of Calabi-Yau
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manifolds. Let (U ; t1, ..., tκ) be a local holomorphic coordinate chart ofM, where κ = dimM.
Then each ∂
∂ti
corresponds to an element ι( ∂
∂ti
) ∈ H1(Xt, TXt) through the Kodaira-Spencer
map ι. The Weil-Petersson metric is defined by the L2-inner product of harmonic forms repre-
senting classes in H1(Xt, TXt). In the case of Calabi-Yau manifolds, as first shown in [Ti4], it
can be expressed as follows. Let Ψ be a nonzero holomorphic (n − κ, 0)-form on the fibre Xt
and Ψyι( ∂
∂ti
) be the contraction of Ψ and ∂
∂ti
. Then the Weil-Petersson metric is given by
(
∂
∂ti
,
∂
∂t¯j
)
ωWP
=
∫
Xt Ψyι(
∂
∂ti
) ∧Ψyι( ∂
∂ti
)∫
Xt Ψ ∧Ψ
. (3.6)
One can also represent ωWP as the curvature form of the first Hodge bundle f∗Ωn−κX/M (cf. [Ti4]).
Let Ψ be a nonzero local holomorphic section of f∗Ωn−κX/M and one can define the hermitian
metric hWP on f∗Ωn−κX/M by
|Ψt|2hWP =
∫
Xt
Ψt ∧Ψt. (3.7)
Then the Weil-Petersson metric is given by
ωWP = Ric(hWP ). (3.8)
The Weil-Petersson metric can also be considered a canonical hermitian metric on the dualizing
sheaf f∗(Ωn−κX/Xcan) = (f∗1OX)∨ over X◦can.
Let X be an n-dimensional algebraic manifold. Suppose its canonical line bundle KX is
semi-positive and 0 < κ = kod(X) < n. Let Xcan be the canonical model of X . We define a
canonical hermitian metric hcan on f∗(Ωn−κX/Xcan) in the way that for any smooth (n− κ, 0)-form
η on a nonsingular fibre Xy,
|η|2hWP =
η ∧ η¯ ∧ χκ
Θ ∧ χκ =
∫
Xy
η ∧ η¯∫
Xy
Θ
. (3.9)
Definition 3.4 Let X be an n-dimensional algebraic manifold with semi-ample canonical line
bundle KX . Suppose 0 < kod(X) < n and so f : X → Xcan is a holomorphic fibration of
Calabi-Yau manifolds. A closed positive (1, 1)-current ω on Xcan is called a canonical metric if
it satisfies the following.
1. f ∗ω ∈ −2πc1(X).
2. ω is smooth outside a subvariety of Xcan and (f ∗ω)κ ∧Θ is continuous on X .
3. Ric(ω) = −√−1∂∂ log ωκ is well-defined on X as a current and on X◦can
Ric(ω) = −ω + ωWP . (3.10)
Definition 3.5 Suppose ωcan is a canonical metric on Xcan. We define the canonical volume
form Ωcan on X to be
ΩKE = (f
∗ωKE)
κ ∧Θ. (3.11)
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3.2 Existence and uniqueness
The main goal of this section is to prove the existence and uniqueness for canonical metrics on
the canonical models.
Theorem 3.1 Let X be an n-dimensional algebraic manifold with semi-ample canonical line
bundle KX . Suppose 0 < κ = kod(X) < n. There exists a unique canonical metric on Xcan.
We will need the following theorem of solving singular Monge-Ampe`re equation to prove
Theorem 3.1.
Theorem 3.2 There exits a unique solution ϕ ∈ PSH(χ) ∩ C0(Xcan) ∩ C∞(X◦can) to the fol-
lowing Monge-Ampe`re equation on Xcan
(χ +
√−1∂∂ϕ)κ = Feϕχκ. (3.12)
Proof of Theorem 3.1 We will prove Theorem 3.1 by assuming Theorem 3.2.
Let ϕ be the solution in Theorem 3.1 and ω = χ +
√−1∂∂ϕ.
1.
f ∗ω = f ∗χ +
√−1∂∂f ∗ϕ ∈ −c1(X).
and it proves 1. in Definition 3.4.
2. By Theorem 3.2, ω is smooth on X◦can and
(f ∗ω)κ ∧Θ = Ωef∗ϕ
is continuous since f ∗ϕ is continuous on X and Ω is a smooth volume form. This proves
2. in Definition 3.4
3. Then
Ric(ω) = −√−1∂∂ log ωκ = −√−1∂∂ logχκ −√−1∂∂ logF −√−1∂∂ϕ
is well-defined as a current on Xcan.
Calculate on X◦can
√−1∂∂ logχκ +√−1∂∂ logF +√−1∂∂ϕ
=
√−1∂∂ logχκ +√−1∂∂ log
(
Ω
Θ ∧ χκ
)
+ ω − χ
= ω +
(−√−1∂∂ log (Θ ∧ χκ) +√−1∂∂ logχκ)
= ω − ωWP .
Therefore
Ric(ω) = −ω + ωWP .
So we have proved 3. in Definition 3.4.
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Now we will prove the uniqueness of the canonical metric.
Let ω = χ+
√−1∂∂ϕ be a canonical metric on Xcan. Then by the equation for the canonical
metric, we have on X◦can
√−1∂∂ log
(
ωκ
χκ
)
=
√−1∂∂ log
(
Ω
Θ ∧ χκe
ϕ
)
.
Let ξ =
(
ωκ
χκ
)(
Ω
Θ∧χκ e
ϕ
)−1
. Then on X◦can we have
√−1∂∂ log ξ = 0.
On the other hand,
f ∗ξ =
ωκ ∧Θ
Ω
e−ϕ
extends to a strictly positive continuous function on X . Since f is a holomorphic map, ξ extends
to a continuous function on Xcan. Let π : X ′can → Xcan be a resolution of Xcan. Then π∗ξ is
continuous on X ′can and
√−1∂∂ log π∗ξ = 0 so that π∗ξ = constant on X ′can. Therefore
ξ = constant > 0 on Xcan and ϕ′ = ϕ + log ξ ∈ PSH(χ) ∩ C0(Xcan) solves the Monge-
Ampe`re equation (3.12). The uniqueness of the solution for (3.12)implies the uniqueness of the
canonical metric.
✷
Corollary 3.1 Let ωcan be a canonical metric on Xcan and Ωcan the canonical volume form on
X . Then
f ∗ωcan =
√−1∂∂ log Ωcan. (3.13)
Proof Let ωcan = χ+
√−1∂∂ϕ, where ϕ be the solution of the Monge-Ampe`re equation (3.12)
in Theorem 3.2. Then
Ωcan = (f
∗ωcan)
κ ∧Θ = Ωef∗ϕ
and so √−1∂∂ log Ωcan =
√−1∂∂ log Ω +√−1∂∂f ∗ϕ = f ∗ωcan.
✷
Proof of Theorem 3.2
Step 1. Approximation
Let π : Y → Xcan be a resolution of singularities such that E = π∗(Xcan\X◦can) is a divisor
with simple normal crossings. Let χˆ = π∗χ and Fˆ = π∗F . Then χˆ is a closed semi-positive
(1, 1)-form on Y and
∫
Y
χˆκ =
∫
Xcan
χκ > 0, i.e., χˆ is big. We will consider the following
Monge-Ampe`re equation on Y
(χˆ+
√−1∂∂ϕˆ)κ
χˆκ
= Fˆ eϕˆ. (3.14)
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Since χˆ is a big semi-positive closed (1, 1)-form and so Lˆ = 1
m
π∗O(1) is a semi-positive
big line bundle on Y . By Kodaira’s lemma, there exists a divisor D such that for any ǫ > 0,
[L] − ǫ[D] is an ample divisor on Y . Let SD be the defining section of D and choose a smooth
hermitian metric hD on the line bundle associated to [D] such that
χˆ+ ǫ
√−1∂∂ log hD > 0.
Fix ǫ0 > 0 and define a Ka¨hler form ω0 = χˆ+ ǫ0
√−1∂∂ log hD > 0.
Fˆ ∈ L1+ǫ(Y, χˆκ) for some ǫ > 0 since F ∈ L1+ǫ(Xcan, χκ) for some ǫ > 0. Then for each
k > 0 there exists a family of functions {Fj}∞j=1 on Y satisfying the following.
1. Fj ∈ C4(Y ) for all j and Fj → Fˆ in L1+ǫ(Y, χˆκ) as j →∞.
2. There exists C > 0 such that logFj ≥ −C for all j.
3. There exist λ, C > 0 such that for all j
∣∣∣∣|SE|2λhEFj∣∣∣∣C2(Y ) ≤ C,
where SE is a defining section of E and hE is a fixed smooth hermitian metric on the line
bundled associated to [E].
For example, we can choose Fˆj to be defined by
Fj = exp
(( |SE|2αhE
j−1 + |SE|2αhE
)
log Fˆ
)
for sufficiently large α > 0.
We also choose a Ka¨hler form ω0 and let χj = χˆ+
1
j
ω0. We consider the following Monge-
Ampe`re equation
(χj +
√−1∂∂ϕj)κ
(χj)
κ = Fje
ϕj (3.15)
for sufficiently large α.
By Yau’s solution to the Calabi conjecture, for each j, there exists a unique solution ϕj ∈
C3(Y ) ∩ C∞(Y \ E) solving (3.15). We will derive uniform estimates for ϕj .
Step 2. Zeroth order estimates
Proposition 3.4 There exists C > 0 such that for all j,
||ϕj||L∞(Y ) ≤ C. (3.16)
Furthermore, there exists a unique solution ϕ∞ ∈ PSH(Y, χˆ) ∩ C0(Y ) solving the Monge-
Ampe`re equation (3.14) such that
ϕj → ϕ∞ (3.17)
in L1(Y, ωκ0 ) as j →∞.
18
Proof By Yau’s theorem, for each j, there exists a smooth solution ϕj solving the Monge-
Ampe`re equation (3.14). We first derive a uniform upper bound for ϕj . Suppose that ϕj achieves
its maximum at y0 on Y . Then applying the maximum principle, we have
ϕj ≤ ϕj(y0) ≤ 1
Fj(y0)
≤ sup
Y
(
1
Fj
)
≤ C.
Let Ω0 be a smooth nowhere vanishing volume form on Y . We have to verify that Fj
(
χˆκj
Ωˆ
)
is uniformly bounded in L1+ǫ(Y, Ωˆ) for some δ > 0 for all j.
∣∣∣∣
∣∣∣∣eϕjFj
(
χκj
Ω0
)∣∣∣∣
∣∣∣∣
1+ǫ
L1+ǫ(Y,Ω0)
=
∫
Y
e(1+ǫ)ϕjF 1+ǫj
(
χκj
Ω0
)ǫ
χκj ≤ C
∫
Y
F 1+ǫj χ
κ
j = C ||Fj ||1+ǫL1+ǫ(Y,Ω0) .
Therefore ||ϕj ||L∞(Y ) is uniformly bounded by Theorem 2.4, since ||Fj ||1+ǫL1+ǫ(Y,Ω0) is uniformly
bounded.
Also Theorem 2.4 gives a unique solution ϕ∞ ∈ PSH(Y, χˆ) ∩ C0(Y ) solving the Monge-
Ampe`re equation 3.14. By the uniqueness of such ϕ∞, we have ϕj → ϕ∞ in L1 by standard
potential theory.
✷
Step 3. Second order estimates
We now apply the maximum principle and prove a second order estimate for ϕj by using a
modified argument in [Ya2]. Note that Tsuji used a similar trick in [Ts1] for the second-order
estimate.
Let ωj = χj +
√−1∂∂ϕj , ∆0 and ∆j be the Laplace operator associated to ω0 and ωj . The
following lemma is proved by standard calculation.
Lemma 3.4 There exists a uniform constant C > 0 only depending on ω0 such that on Y \
(E ∪D)
∆j log trω0(ωj) ≥ −C
(
1 + trωj (ω0) +
1 + |∆0 logFj|
trω0(ωj)
)
.
Theorem 3.3 There exist α, β, C > 0 such that for all j and z ∈ Y \ (E ∪D)
trω0(ωj)(z) ≤
C
|SE|2αhE |SD|
2β
hD
(3.18)
Proof Define
Φj = ϕj − ǫ0 log |SD|2hD
and
Hj = log
(|SE|2αhE trω0(ωj))− AΦj
for some constants α, A > 0 to be determined later.
19
First calculate on Y \ (E ∪D)
∆jHj
= ∆j log trω0(ωj)− A∆jΦj + α∆j log |SE |2hE
= ∆j log trω0(ωj)− Atrωj (ωj − ω0)− αtrωj (Ric(hE))
≥ (A− C1)trωj (ω0)− αtrωj (Ric(hE))−
C1 (1 + |∆0 logFj|)
trω0(ωj)
− C1
trω0(ωj)
− κA− C1
Choose a sufficiently large α > 0, such that there exists a constant C2 > 0 with the following:
|SE|2αhE (1 + |∆0 logFj |)
trω0(ωj)
≤ C2
trω0(ωj)
and
|SE|2αhEFj ≤ C2.
Applying the elementary inequality
trωj(ω0) ≥ C3 (trω0(ωj))
1
κ−1
(
ωκ0
ωκj
) 1
κ−1
= C3
(
e−ϕj
Fj
trω0(ωj)
(
ωκ0
χκj
)) 1
κ−1
≥ C4
(|SE |2αhE trω0(ωj)) 1κ−1
We can always choose A sufficiently large such that
∆jHj ≥ C5A
(|SE|2αhE trω0(ωj)) 1κ−1 − C4|SE|
4α
hE
|SE |2αhE trω0(ωj)
− C6A.
For any j, suppose
sup
z∈Y
Hj(z) = Hj(z0)
for some z0 ∈ Y \ (E ∪D) since Hj = −∞ along E ∪ D. By the maximum principle,
∆jHj(z0) ≤ 0. By straightforward calculation, there exists C7 > 0 such that
|SE |2αhE trω0(ωj)
∣∣
z=z0
≤ C7.
Hence there exists a uniform constant C8 > 0 such that
Hj ≤ Hj(z0) = log
(|SE |2αtrω0(ωj))∣∣z=z0 − ϕj(z0) + ǫ0 log |SD|2hD(z = z0) ≤ C8.
20
The theorem is proved since
trω0(ωj) ≤ |SE|−2αhE exp (Hj + AΦj) ≤
C9
|SE|2αhE |SD|2βhD
.
✷
Step 4. Ck estimates
From the second order estimates, the Monge-Ampere` equation (3.15) is uniformly elliptic on
any compact set of Y \ (E ∪ D). The Ck-estimates are local estimates and can be derived
by standard Schauder estimates and elliptic estimates. Therefore for any compact subset K of
Y \ (E ∪D), there exist constants CK,R such that
||ϕj||CR(K) ≤ CR,K .
Step 5. Proof of Theorem 3.2
By taking a sequence, we can assume ϕj → ϕ∞ ∈ L1(Y, ωκ0 ). Therefore
ϕ∞ ∈ C0(Y ) ∩ C∞(Y \ (E ∪D)).
On the other hand, one can choose different divisorsD such that [χˆ]−ǫ[D] > 0 for all sufficiently
small ǫ > 0 and the intersection of such divisors is contained in E. Therefore ϕ∞ ∈ C∞(Y \E).
Each fibre of the resolution π is connected and so ϕ∞ is constant along the fibre since ϕ∞ ∈
PSH(Y, χˆ) ∩ C0(Y ) and χˆ ≥ 0. Therefore ϕ∞ descends to a solution ϕ ∈ PSH(Xcan, χ) ∩
C0(Xcan) solving equation (3.12) as in Theorem 3.2. Furthermore, ϕ is smooth on X◦can. This
completes the proof of Theorem 3.2.
✷
4 Canonical measures on algebraic manifolds of non-negative
Kodaira dimension
4.1 Canonical measures on surfaces of non-negative Kodaira dimension
LetX be a Ka¨hler surface of positive Kodaira dimension andXmin be its minimal model derived
by π : X → Xmin contracting all the (−1)-curves E = ∪iEi.
If kod(X) = 2, X is a surface of general type. Let Φ : Xmin → Xcan be holomorphic
canonical map from Xmin to its canonical modelXcan with possible orbifold singularities. There
exists a unique smooth orbifold Ka¨hler-Einstein metric ω† on Xcan. We define
ωKE = (π ◦ Φ)∗ω† +
√−1∂∂ log |E|2.
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Choose a smooth positive (1, 1)-form ω ∈ −c1(Xmin) and a smooth volume form Ω with√−1∂∂ log Ω = ω. Then Φ∗ω† = ω + √−1∂∂ϕ for some ϕ ∈ C0(Xmin) satisfying the
following Monge-Ampe`re equation
(ω +
√−1∂∂ϕ)2
Ω
= eϕ.
Furthermore, ϕ is smooth outside the exceptional locus of the pluricanonical system. Let ΩKE =
π∗(eϕΩ) the pullback of the unique holomorphic Ka¨hler-Einstein volume from its canonical
model. It is a continuous measure on X vanishing exactly on E of order one. Then ωKE =
Ric(ΩKE) on X and ω2KE = ΩKE on X \ E.
Proposition 4.1 Let X be a Ka¨hler surface of general type. Then
1. ωKE ∈ −c1(X),
2. Ric(ωKE) = −ωKE on X\E,
3. hKE = Ω−1KE is an analytic Zariski decomposition for KX .
If kod(X) = 1, X is an elliptic surface. Let Φ : Xmin → Xcan be the holomorphic
pluricanonical fibration from Xmin to its canonical model Xcan. By Theorem 3.1 in Section
3.2, there exist a canonical metric ω† on Xcan and a canonical measure Ω† on Xmin such that
Φ∗(ω†) ∈ −c1(Xmin) and Ric(Ω†) = Φ∗(ω†). Let Ωcan = π∗(Ω†) and ωcan = Ric(Ωcan.
Proposition 4.2 Let X be a Ka¨hler surface of Kodaira dimension 1. Then
1. ωcan ∈ −c1(X),
2. ωcan = (Φ ◦ π)∗(ω†) on X\E.
3. hcan = Ω−1can is an analytic Zariski decomposition for KX .
4.2 Ricci-flat metrics on Ka¨hler manifolds of zero Kodaira dimension
There have been many interesting results on singular Ricci-flat metrics. In [EyGuZe1], singular
Ricci- flat metrics are studied on normal Ka¨hler spaces. In [To], singular Ricci-flat metrics are
derived as the limit of smooth Ricci-flat Ka¨hler metrics along certain degeneration of Ka¨hler
classes. In this section, we construct singular Ricci-flat metrics on algebraic manifolds of Ko-
daira dimension 0 as an immediate application of Theorem 2.4.
Let X be an n-dimensional algebraic manifold of Kodaira dimension 0. Suppose L→ X is
a holomorphic line bundle such that L is big and semi-ample. There exists a big smooth semi-
positive (1, 1)-form ω ∈ c1(L). Let η ∈ H0(X,KmX ) be the holomorphic m-tuple n-form for
some m ∈ N(KX). Let
Ω =
[ω]n∫
X
(η ⊗ η) 1m
(η ⊗ η) 1m
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be a smooth (n, n)-form on X and so
∫
X
Ω = [ω]n. Ω is independent of the choice of m ∈
N(KX) and η because the Kodaira dimension of X is 0. Ω is unique up to a scalar multiplication
and it can be degenerate because KX is not necessarily nef.
Consider the following degenerate Monge-Ampe`re equation
(ω +
√−1∂∂ϕ)n = Ω. (4.1)
By Theorem 2.4, there exists a continuous solution ϕ t to equation (4.1) unique up to a constant.
Let ωCY = ω +
√−1∂∂ϕ.
Proposition 4.3 ωCY is the unique closed semi-positive (1, 1)-current in c1(L) with continuous
local potential such that ωnCY = Ω and therefore outside the base locus of the pluricanonical
system
Ric(ωCY ) = 0.
Furthermore, ωCY is smooth on a Zariski open set of X .
4.3 Ka¨hler-Einstein metrics on algebraic manifolds of general type
In this section, we will prove Theorem B.1. Let X be an n-dimensional nonsingular algebraic
variety of general type.
We choose a sequence of resolution of indeterminacies of the pluricanonical systems Φm!
X Xm0 Xm0+1 · · · Xm Xm+1 · · ·✛
πm0 ✛
πm0+1 ✛
πm0+2 ✛ πm ✛πm+1 ✛πm+2
(4.2)
for m0 sufficiently large, such that
1.
(π¯m)
∗(m!KX) = Lm + Em,
where π¯m = πm ◦ πm−1 ◦ ... ◦ πm0 .
2.
Em =
∑
j
cm,jEm,j
is the fixed part of |π¯∗m(m!KX)| with each Em,j being a divisor with simple normal cross-
ings.
3. Lm is a globally generated line bundle on Xm.
Let {σm,j}dmj=0 be a basis of H0(X,m!KX) and {ζm,j}dmj=0 be a basis of H0(Xm, Lm) such
that
π∗mσm,j = ζm,jEm.
We can consider |σm,j| 2m! as an smooth (n, n)-form on X as σm,j ∈ m!KX . Let Ωm =(∑dm
j=0 |σm,j |2
) 1
m!
and then π∗kΩm is a smooth and possibly degenerate volume form on Xk. For
simplicity we also use Ωm for (πk)∗(Ωm) for all k ≥ m0.
The following lemma is obviously by the construction of Ωm.
23
Lemma 4.1 On X and so on Xk for k ≥ m0,
Ωm
Ωm+1
<∞. (4.3)
Define a smooth closed semi-positive (1, 1)-form ωm on Xm by
ωm =
1
m!
√−1∂∂ log
(
dm∑
j=0
|ζj|2
)
.
Obviously
√−1∂∂ log
(∑dm
j=0 |ζj|2
)
is the pullback of the Fubini-Study metric on CPdm from
the linear system |Lm|.
Theorem 4.1 Let Rm be the exceptional locus of the linear systems associated to Lm. There
exists a unique solution ϕm ∈ C0(Xm) ∩ C∞(Xm \ (∪jEm,j ∪Rm)) to the following Monge-
Ampe`re equation
(
ωm +
√−1∂∂ϕ)n = eϕΩm. (4.4)
Therefore ωKE,m = ωm +
√−1∂∂ϕm is a Ka¨hler-Einstein current on Xm satisfying
1. ωKE,m is a positive current on Xm and strictly positive on Xm \ (∪jEm,j ∪ Rm),
2. Ric(ωKE,m) = −ωKE,m on Xm \ (∪jEm,j).
Proof Let Fm = Ωm(ωm)n . Fm has at worst pole singularities on Xm and∫
Xm
(Fm)
1+ǫ (ωm)
n =
∫
Xm
(Fm)
ǫΩm <∞.
By Theorem 2.4, there exists a unique ϕm ∈ PSH(Xm, ωm) ∩ C0(Xm) solving the equation
(4.4).
Also Lm is an semi-ample line bundle and furthermore it is big. Then by Kodaira’s Lemma,
there exists a divisor [Fm] such that
[Lm]− ǫ[Fm] = π∗m[KX ]−
∑
j
cm,j
m
[Em,j ]− ǫ[Fm]
is ample for sufficiently small ǫ > 0. By a similar argument in the proof of Theorem 3.2, we can
show that ϕm ∈ C∞ (Xm \ (∪jEm,j ∪ Rm)).
✷
Corollary 4.1 eϕmΩm descends from Xm to a continuous measure on X and hm = e−ϕmΩ−1m is
a singular hermitian metric onX with its curvature Θhm ≥ 0. Furthermore, onX\Bs(|m0KX |),
(
√−1∂∂ log Ωm +
√−1∂∂ϕm)n = eϕmΩm. (4.5)
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Proof eϕmΩm can be pulled back as a continuous volume form on X\Bs(m!KX). On the other
hand, ϕm is uniformly bounded in L∞(X), also Ωm is smooth on X and vanishes exactly on
Bs(|m!KX |). Therefore eϕmΩm is continuous on X .
Bs(|m!KX |) is a complete closed pluripolar set on X using H0(X,m!Km). Since log Ωm+
ϕm is uniformly bounded above and
√−1∂∂ log Ωm +
√−1∂∂ϕm is a positive closed (1, 1)
current on X\Bs(|m0KX |),
√−1∂∂ log Ωm +
√−1∂∂ϕm extends to a positive closed current
on X using local argument.
Equation (4.5) is then derived directly from Equation (4.4).
✷
Although Θhm is a singular Ka¨hler-Einstein metric on X , but without assuming finite gen-
eration of canonical rings, (KX , hm) is not necessarily an analytic Zariski decomposition. One
has to let m tend to infinity in order for eϕmΩm to have the least vanishing order.
Let D be an ample divisor on X such that KX +D is ample. Then there exists a hermitian
metric hD on the line bundle induced by [D] such that ω0 −
√−1∂∂ log hD > 0. We can also
assume that D contains the base locus of all |m!KX | for m ≥ m0.
Lemma 4.2 Let Ω0 be a smooth and nowhere vanishing volume form on X . Then there exists
a constant C > 0 such that for each m ≥ m0,
eϕmΩm ≤ CΩ0.
Proof Let χ0 =
√−1∂∂ log Ω0. Let Dm be a divisor on X such that on X\Dm, ϕm is smooth
and Ωm is strictly positive. Let D be an ample divisor on X . Let SDm be a defining function and
hDm be a smooth hermitian metric on the line bundle associated to [Dm]. Let SD be a defining
function and hD be a smooth positively curved hermitian metric on the line bundle associated to
[D].
Let θDm = −
√−1∂∂ log hDm and θD = −
√−1∂∂ log hD > 0. We also define
ψm,ǫ = ϕm + log
Ωm
Ω0
+ ǫ2 log |SDm |2hm + ǫ log |SD|2hD .
For simplicity, we use χ0 and Ω0 for (π¯m)∗χ0 and (π¯m)∗Ω0. Notice that χ0 is not necessarily
positive and Ω0 might vanish somewhere on Xm. Then outside Dm and D, ψm,ǫ satisfies the
following equation
(χ0 + ǫ
2θDm + ǫθD +
√−1∂∂ logψm,ǫ)n
Ω0
= |SDm|−2ǫ
2
hDm
|SD|−2ǫhD eψm,ǫ .
It is easy to see that ψm,ǫ tends to −∞ near Dm and D, and for ǫ > 0 sufficiently small,
θD + ǫθDm > 0. By the maximum principle
eψm,ǫ ≤ max
X
(
|SDm|2ǫ
2
hDm
|SD|2ǫhD
(χ0 + ǫ
2θDm + ǫθD)
n
Ω0
)
and
eϕm
Ωm
Ω0
≤ |SDm |−2ǫ
2
hDm
|SD|−2ǫhD maxX
(
|SDm|2ǫ
2
hD(m)
|SD|2ǫhD
(χ0 + ǫ
2θDm + ǫθD)
n
Ω0
)
.
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Now we let ǫ tend to 0, and
eϕm
Ωm
Ω0
≤ max
X
(
(χ0)
n
Ω0
)
.
✷
Proposition 4.4 eϕmΩm is increasing, that is, on X
eϕmΩm ≤ eϕm+1Ωm+1. (4.6)
Proof We shall compared eϕmΩm and eϕm+1Ωm+1 on Xm+1. Let
U(m+1) =
{
s ∈ Xm+1
∣∣∣∣ Ωm+1Ωm <∞
}
.
ϕm and ϕm+1 are the solutions of(
ωm +
√−1∂∂ϕm
)n
= eϕm+1Ωm.
and (
ωm+1 +
√−1∂∂ϕm+1
)n
= eϕm+1Ωm+1.
Define
ψ = ϕm+1 − ϕm + log Ωm
Ωm+1
and
V = {z ∈ Xm+1 | ψ < 0}.
It is easy to see that
V ⊂ Um+1
since both ϕm+1 and ϕm are in L∞(Xm+1).
On Um+1, log
(
(Em+1)m!
((πm+1)∗Em)
(m+1)!
)
is holomorphic and so
ωm+1 +
√−1∂∂ϕm+1
= ωm +
√−1∂∂ϕm +
√−1∂∂ log(ϕm+1 − ϕm) +
√−1∂∂ log


(∑dm+1
j=0 |ζm+1,j|2
) 1
(m+1)!
(∑dm
j=0 |(πm+1)∗ζm,j|2
) 1
m!


= ωm +
√−1∂∂ϕm +
√−1∂∂ψ +√−1∂∂ log
(
|Em+1|
2
(m+1)!
|(πm+1)∗Em| 2m!
)
= ωm +
√−1∂∂ϕm +
√−1∂∂ψ.
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Hence ψ satisfies the following equation on Um+1(
ωm +
√−1∂∂ϕm +
√−1∂∂ψ)n(
ωm +
√−1∂∂ϕm
)n = eψ. (4.7)
By the comparison test, ∫
V
(
ωm +
√−1∂∂ϕm
)n
≤
∫
V
(
ωm +
√−1∂∂ϕm +
√−1∂∂ψ)n
=
∫
V
eψ
(
ωm +
√−1∂∂ϕm
)n
.
Therefore Ψ = 0 on V due to the fact that it is continuous on V , and so on Xm+1
ψ ≥ 0.
This completes the proof.
✷
Proposition 4.5 There exists a measure ΩKE on X such that
1. ΩKE = limm→∞ eϕmΩm.
2. (KX ,Ω−1KE) is an analytic Zariski decomposition. Furthermore, on X
ΩKE
Ω0
<∞ and ΨX,ǫ
ΩKE
<∞.
3. ωKE =
√−1∂∂ log ΩKE ∈ −c1(X) is a closed positive Ka¨hler-Einstein current and on
X\Bs(X,KX),
(ωKE)
n = ΩKE and so Ric(ωKE) = −ωKE.
Proof By Lemma 4.2 and Proposition 4.4, we can define ΩKE
ΩKE = lim
m→∞
eϕmΩm
and Ωm
Ω0
is uniformly bounded from above. Since ϕm + log ΩmΩ0 ∈ PSH(X,χ0) and {ϕm +
log Ωm
Ω0
}∞m=m0 is convergent inL1(X). Also PSH(X,χ0)∩L1(X) is closed inL1(X). Therefore
lim
m→∞
(
ϕm + log
Ωm
Ω0
)
= log
ΩKE
Ω0
in PSH(X,χ0) ∩ L1(X) and log ΩKEΩ0 ∈ PSH(X,χ0) ∩ L1(X).
Let hKE = Ω−1KE be the hermitian metric on KX . By the construction of Ωm,
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|σ|2hmKE <∞
for any section σ ∈ H0(X,mKX). Therefore ΨX,ǫΩKE <∞ and so
H0(X,OX(mKX)⊗ I(hmKE))→ H0(X,OX(mKX))
is an isomorphism and (KX , hKE) is an analytic Zariski decomposition.
Since ϕm + log ΩmΩ0 converges uniformly on any compact set of X\Bs(X,KX) to log
ΩKE
Ω0
,
we have on X\Bs(X,KX),
(
√−1∂∂ log ΩKE)n = lim
m→∞
(
√−1∂∂ log Ωm +
√−1∂∂ϕm)n = lim
m→∞
eϕmΩm = ΩKE.
This concludes the proof of the proposition as well as Theorem B.1.
✷
Remark 4.1 The existence of such a canonical metric does not depend on the finite generation
of the canonical ring of X . The regularity and uniqueness of such Ka¨her-Einstein metrics will
be investigated in our future study.
4.4 Algebraic manifolds of positive Kodaira dimension
Let X be an n-dimensional nonsingular algebraic variety of Kodaira dimension κ, where 0 <
κ < n. Let Φ† : X† → Y † be the Iitaka fibration of X unique up to birational equivalence. Let
Φm be the pluricanonical map associated to the linear system |mKX |. Then for m sufficiently
large there exists a commutative diagram
X X†
Ym Y †
♣
♣
♣
♣
♣
♣
♣
♣❄
Φm
✛π
†
❄
Φ†
♣♣♣♣♣♣♣✛
µm
(4.8)
as in Section 2.2. A very general fibre of Φ† has Kodaira dimension zero.
We will generalize the notion of the Weil-Petersson metric on a special local deformation
space of Ka¨hler manifolds of zero Kodaira dimension.
Definition 4.1 Let f : X → B be a holomorphic nonsingular fibration over a ballB ∈ Cκ such
that for any t ∈ B, Xt = f−1(t) is a nonsingular fibre of dimension n − κ. Let t = (t1, ..., tκ)
be the holomorphic coordinates of B, where κ = dimM. Then each ∂
∂ti
corresponds to an
element ι( ∂
∂ti
) ∈ H1(Xt, TXt) through the Kodaira-Spencer map ι. We assume that there exists
a nontrivial holomorphic (n − κ, 0)-form Ψ on X such that its restriction on each fibre Xt is
also a nontrivial holomorphic (n− κ, 0)-form on X . Then the Weil-Petersson metric is defined
by the L2-inner product (
∂
∂ti
,
∂
∂t¯j
)
ωWP
=
∫
Xt Ψyι(
∂
∂ti
) ∧Ψyι( ∂
∂ti
)∫
Xt Ψ ∧Ψ
, (4.9)
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where Ψyι( ∂
∂ti
) is the contraction of Ψ and ι( ∂
∂ti
).
The metric defined above is a pseudometric and the associated closed (1, 1)-form ωWP is
only semi-positive in general. In Definition 4.1, ωWP depends on the choice of the holomorphic
(n− κ, 0)- form Ψ, however, it is uniquely determined for the Iitaka fibration Φ† : X† → Y † by
the following lemma.
Lemma 4.3 The Weil-Petersson metric is well-defined on a Zariski open set of Y † and it is
unique.
Proof Let B ⊂ Y † be a nonsingular open neighborhood such that each fibre overB is nonsingu-
lar. Let X = (Φ†)−1(B) ⊂ X†. Without loss of generality, we assume H0(X†, KX†) 6= φ, oth-
erwise we can replace KX by a sufficiently large power of KX , and so H0(B, (Φ†)∗Ωn−κX/B) 6= φ.
Then the assumption in Definition 4.1 can be satisfied. Let Ψ1 and Ψ2 be two holomorphic
(n− κ)-forms over B in Definition 4.1. Since a very general fibre has Kodaira dimension zero,
for a general point t ∈ B,
Ψ1
Ψ2
∣∣∣∣
Xt
= constant
and so Ψ1
Ψ2
∣∣∣
Xt
is constant on each point t ∈ B since Ψ1
Ψ2
∣∣∣
Xt
is smooth on X .
One can also represent ωWP as the curvature form of the first Hodge bundle f∗Ωn−κX/B with the
same assumption as in Definition 4.1. Let Ψ be a nonzero local holomorphic section of f∗Ωn−κX/B
and one can define the hermitian metric hWP on f∗Ωn−κX/B by
|Ψt|2hWP =
∫
Xt
Ψt ∧Ψt. (4.10)
Then the Weil-Petersson metric is given by
ωWP = Ric(hWP ). (4.11)
Therefore the Weil-Petersson metric is unique on B.
✷
We choose a sequence of resolution of indeterminacies of the pluricanonical systems Φm! =
Φ|m!KX |
X Xm0 Xm0+1 · · · Xm Xm+1 · · ·✛
πm0 ✛
πm0+1 ✛
πm0+2 ✛ πm ✛πm+1 ✛πm+2
(4.12)
for m0 sufficiently large, such that
1.
(π¯m)
∗(m!KX) = Lm + Em,
where π¯m = πm ◦ πm−1 ◦ ... ◦ πm0 .
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2.
Em =
∑
j
cm,jEm,j
is the fixed part of |(π¯m)∗(m!KX)| with each Em,j being a divisor with simple normal
crossings.
3. Lm is a globally generated line bundle on Xm.
Let Ym be the variety determined by the pluricanonical system |m!KX | and Ψm = Ψ|Lm| be
the rational map associated to the linear system |Lm|. Then we have the following diagram
X Xm
Ym
♣
♣
♣
♣
♣❘Φm
✛ π¯m
 
 ✠ Ψm
(4.13)
There exists a commutative diagram by choosing m0 sufficiently large
X Xm0 Xm0+1 · · · Xm Xm+1 · · ·
Ym0 Ym0+1 · · · Ym Ym+1 · · ·
✛
πm0
❄
Ψm0
✛
πm0+1
❄
Ψm0+1
✛
πm0+2 ✛ πm
❄
Ψm
✛πm+1
❄
Ψm+1
✛πm+2
♣♣♣♣♣♣♣✛
µm0+1
♣♣♣♣♣♣♣♣✛
µm0+2
♣♣♣♣♣♣♣♣♣♣✛ µm ♣♣♣♣♣♣♣♣✛µm+1 ♣♣♣♣♣♣♣♣✛µm+2
(4.14)
of rational maps and holomorphic maps where the horizontal maps are birational and µm is given
by the projection from |m!KX | to |(m− 1)!KX | as a subspace of |m!KX |.
Let {σm,j}dmj=0 be a basis of H0(X,m!KX) and {ζm,j}dmj=0 be a basis of H0(X,Lm) such that
(π¯m)
∗σm,j = ζm,jEm ∈ H0(Xm, (π¯m)∗(m!KX)).
Then (∑dm+1
j=0 σm+1,j ⊗ σm+1,j
) 1
(m+1)!
(∑dm
j=0 σm,j ⊗ σm,j
) 1
m!
<∞,
where 1 + dm = dimH0(X,m!KX).
Let Ωm =
(∑dm
j=0 σm,j ⊗ σm,j
) 1
m!
and Ω(m) = (Ψm)∗Ωm. Let
ωm =
1
m
√−1∂∂ log
(
dm∑
j=0
|ζm,j|2
)
be the normalized Fubini-Study metric on Ym. Then the same argument in Proposition 3.2 gives
the following Lemma.
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Lemma 4.4 There exists p = p(m) > 1 such that
Fm =
Ω(m)
ωκm
∈ Lp (Ym, ωκm) . (4.15)
The following proposition is immediate as in Section 3.2.
Proposition 4.6 There exists a unique solution ϕm ∈ PSH(Ym, ωm)∩C0(Ym) to the following
Monge-Ampe`re equation
(ωm +
√−1∂∂ϕm)κ = eϕmΩ(m). (4.16)
Furthermore, ϕm is smooth on a Zariski open set of Ym.
For simplicity, we abuse the notations and use Ωm for (π¯k)∗Ωm for k ≥ m0 without causing
confusion.
Lemma 4.5 There exists a Zariski open set U of Ym+1 such that ΩmΩm+1 is constant along eachfibre of Ψm+1 over U .
Proof Let F = Ωm
Ωm+1
and it is easy to see that F is smooth. We consider the following diagram
Xm+1 X†
Ym+1 Y †
❄
Ψm+1
♣♣♣♣♣♣♣✛ f
❄
Φ†
♣♣♣♣♣♣♣✛
g
where Φ† : X† → Y † is an Iitaka fibration of X .
A very general fiber of Φ† is nonsingular of Kodaira dimension 0. Let Fs0 = (Φ†)−1(s0)
be a very general fibre. Consider B = {s ∈ Y † | |s − s0| < δ} such that for any s ∈ B,
Fs = (Φ
†)−1(s) is non-singular. Let η be a nowhere-vanishing holomorphic κ-form on B. Then
(π†)∗σm,j
ηm
∣∣∣∣
s0
∈ H0(Fs0, m!KFs0 )
and
(π†)∗σm+1,j
ηm+1
∣∣∣∣
s0
∈ H0(Fs0, (m+ 1)!KFs0 ).
Since dimPH0(Fs0 , kKFs0 ) = 0 for any k ≥ 1 and ΩmΩm+1 < ∞, ΩmΩm+1 must be constant on
each Fs0 .
Therefore f ∗F is constant on a very general fibre of Φ†. By Hartog’s theorem, f ∗F is smooth
on X† and so f ∗F is the pullback of a function on a Zariski open set of Y †. By the commutative
diagram, on a Zariski open set of Xm+1, F is the pullback of function on Ym+1 and so F has to
be constant on a very general fibre of Ψm+1.
✷
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Hence Ωm
Ωm+1
descends to a function on Ym+1. By the commutative diagram, the following
lemma is immediate.
Lemma 4.6 For each m ≥ m0,
(ψm+1)∗Ωm = (µm+1)∗Ω(m).
The following corollary is immediate by the diagram 4.14, Lemma 4.5 and 4.6.
Corollary 4.2 For each m ≥ m0, on Xm+1
Ωm
Ωm+1
=
(µm+1)
∗Ω(m)
Ω(m+1)
.
Lemma 4.7 Let Um+1 = {s ∈ Ym+1 | Ωm+1Ωm <∞}. Then µm+1 is holomorphic on Um+1.
Proof On (Ψm+1)−1 (Um+1),
0 <
(∑
j |σm,j |2
) 1
m
(∑
j |σm+1,j |2
) 1
m+1
<∞.
Both Lm+1 and (πm)∗Lm are globally generated. Therefore the base locus of{
((π¯m+1)
∗σm,j)
m+1
Em+1
}dm
j=0
is outside Um+1 and so µm+1 is well defined on Um+1.
✷
Proposition 4.7 For any m ≥ m0, the measure eϕ(m)Ω(m) is increasing, that is, on Ym+1
(µm+1)
∗ (eϕ(m)Ω(m)) ≤ eϕ(m+1)Ω(m+1). (4.17)
Proof By resolution of singularities, we can assume Y(m+1) is non-singular by replacing Ym+1
by its non-singular model. Let ω′m = (µm+1)∗ωm, ϕ′m = (µm+1)∗ϕm and Ω′(m) = (µm+1)∗Ω(m).
So ϕ′m satisfies the following Monge-Ampe`re equation(
ω′m +
√−1∂∂ϕ′m
)κ
= eϕ
′
mΩ′(m)
onUm+1, where the ω′m is a smooth and positive, and so the Monge-Ampe`re mass
(
ω′m +
√−1∂∂ϕ′m
)κ
is well-defined. Also ϕm+1 is the solution of(
ωm+1 +
√−1∂∂ϕm+1
)κ
= eϕm+1Ω(m+1).
Define
ψ = ϕm+1 − ϕ′m + log
Ω(m+1)
Ω′(m)
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and V = {z ∈ Ym | ψ ≤ 0}. It is easy to see that
V ⊂ Um+1.
since both ϕm+1 and ϕ′m are in L∞(Ym+1). In particular, ϕ′m ∈ C0(Um+1).
On Um+1, log
(
|Em+1|2m
|(πm)∗Em|2(m+1)
)
is smooth and so
ωm+1 +
√−1∂∂ϕm+1
= ω′m +
√−1∂∂ϕ′m +
√−1∂∂ log(ϕm+1 − ϕ′m) +
√−1∂∂ log


(∑
j |ζm+1,j|2
) 1
m+1
(∑
j |(πm)∗ζm,j|2
) 1
m


= ω′m +
√−1∂∂ϕ′m +
√−1∂∂ψ −√−1∂∂ log
(
|Em+1|
2
m+1
|(πm)∗Em| 2m
)
= ω′m +
√−1∂∂ϕ′m +
√−1∂∂ψ.
Hence ψ satisfies the following equation on Um+1(
ω′m +
√−1∂∂ϕ′m +
√−1∂∂ψ)κ(
ω′m +
√−1∂∂ϕ′m
)κ = eψ. (4.18)
By the comparison test, we have on V = {z ∈ Ym+1 | ψ(z) < 0} ⊂ Um+1
∫
V
(
ω′m +
√−1∂∂ϕ′m
)κ
≤
∫
V
(
ω′m +
√−1∂∂ϕ′m +
√−1∂∂ψ)κ
=
∫
V
eψ
(
ω′m +
√−1∂∂ϕ′m
)κ
.
Therefore ψ = 0 on V due to the fact that it is continuous on V , and so on Ym+1
ψ ≥ 0.
This completes the proof.
✷
For simplicity we again use ϕm for (Ψm)∗ϕm. We can consider ϕm as a function on X , Xm
or X† since they are all birationally equivalent.
Corollary 4.3 For any m ≥ m0, the measure eϕmΩm is increasing, that is,
eϕmΩm ≤ eϕm+1Ωm+1. (4.19)
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Lemma 4.8 eϕmΩm is continuous on X and let hm = e−ϕmΩ−1m be the hermitian metric on KX .
Then
Θhm ≥ 0.
Proof Obviously, eϕmΩm is continuous on X\Bs(|m!KX |) since the inverse of π¯m is isomor-
phic from Xm\(π¯m)−1(Bs(|m!KX |)) to X\(Bs(|m!KX |). On the other hand, ϕm ∈ L∞(X)
and Ωm vanishes exactly on Bs(|m!KX |). Hence eϕmΩm is continuous.√−1∂∂ log Ωm+
√−1∂∂ϕm ≥ 0 onX\Bs(|m!KX |) andBs(|m!KX |) is a closed complete
pluripolar set of X . By the fact that eϕmΩm is bounded above on X ,
Θhm =
√−1∂∂ log Ωm +
√−1∂∂ϕm
extends to a closed positive current on X by local argument. This completes the proof of the
lemma.
✷
Lemma 4.9 Let Ω be a smooth volume form on X†. Then there exist a divisor D of X† and a
constant C > 0 such that
eϕmΩm ≤ |SD|−2hDΩ, (4.20)
where SD is a defining section of [D] and hD is a fixed smooth hermitian metric of the line
bundle associated to [D].
Proof We consider again the following commutative diagram
Xm X†
Ym Y †
❄
Ψm
♣♣♣♣♣♣♣✛fm
❄
Φ†
♣♣♣♣♣♣♣✛
gm
Let ω be a Ka¨hler metric and Ω0 be a smooth and nowhere vanishing volume form on X†.
From the commutative diagram, on a Zariski open set of X† we have
(
√−1∂∂ log Ωm +
√−1∂∂ϕm)κ ∧ ωn−κ = eϕm(Φ†)∗(Φ†)∗Ωm ∧ ωn−κ.
Let ψm = ϕm + log ΩmΩ , χ0 =
√−1∂∂ log Ω0.
ψm satisfies the following Monge-Ampe`re equation on X†\(π†)−1Bs(|m0!KX |),
(χ0 +
√−1∂∂ψm)κ ∧ ωn−κ = FeψmΩ0,
where
F =
(Φ†)∗(Φ†)∗Ωm ∧ ωn−κ
Ωm
=
(Φ†)∗(Φ†)∗Ωm0 ∧ ωn−κ
Ωm0
.
Let D1 be a divisor of X† containing (π†)−1Bs(|m0!KX |) such that the defining section S1
of [D1] satisfies
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|S1|2h1
ωn
FΩ0
<∞,
where h1 is a fixed smooth hermitian metric of the line bundle associated to [D1]. Obviously,
D1 is independent of the choice of m. Let Θh1 = −
√−1∂∂ log h1.
Let D2 be an ample divisor of X† independent on the choice of m such that for a smooth
hermitian metric h2, we have
Θh2 = −
√−1∂∂ log h2 > −Θh1.
Let S2 be the defining section of D2
Let D3 be a divisor of X† depending on the choice of m such that ψm ∈ C∞(X†\D3). Let
S3 be the defining section of D3 and h3 be a fixed smooth hermitian metric of the line bundle
associated to [D3]. We define Θh3 = −
√−1∂∂ log h3 and for ǫ > 0 sufficiently small
Θh2 > −Θh1 − ǫΘh3.
Now we let
ψm,ǫ = ϕm + log |S1|2h1 + log |S2|2h2 + ǫ log |S3|2h3,
and so ϕ˜m,ǫ satisfies
(χ0 +Θh1 +Θh2 + ǫΘh3 +
√−1∂∂ logψm,ǫ)κ ∧ ωn−κ = Fe
ψm,ǫ
|S1|2h2|S2|2h2(|S3|2h3)ǫ
Ω0. (4.21)
The maximum of ψm,ǫ can only be achieved in X†\(D1 ∪D2 ∪D3). Then by the maximum
principle,
sup
X†
ψm,ǫ ≤ sup
X†
(
|S1|2h1|S2|2h2(|S3|2h3)ǫ
(χ0 +Θh1 +Θh2 + ǫΘh3)
κ ∧ ωn−κ
FΩ0
)
= Cm,ǫ, (4.22)
where limǫ→∞Cm,ǫ = Cm,0 = supX†
(
|S1|2h1|S2|2h2
(χ0+Θh1+Θh2 )
κ∧ωn−κ
FΩ0
)
and Cm,0 is indepen-
dent of the choice of m.
Now let ǫ tend to 0. Then there exists a constant C > 0 independent of the choice of m such
that
sup
X†
ψm ≤ C,
that is, there exists C ′ > 0 independent of m such that
eϕmΩm ≤ C ′|S1|−2h1 |S2|−2h2 Ω0.
✷
Proposition 4.8 There exists a measure Ωcan on X such that
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1. Ωcan = limm→∞ eϕmΩm.
2. (KX ,Ω−1can) is an analytic Zariski decomposition. Furthermore,
Ωcan
Ω0
<∞, and ΨX,ǫ
Ωcan
<∞.
Proof By Corollary 4.3 and Lemma4.9, we can define Ωcan
Ωcan = lim
m→∞
eϕmΩm
and Ωm
Ω0
< ∞. Since ϕm + log ΩmΩ0 ∈ PSH(X,χ0) and {ϕm + log ΩmΩ0 }∞m=m0 is convergent in
L1(X). Also PSH(X,χ0) ∩ L1(X) is closed in L1(X). Therefore
lim
m→∞
(
ϕm + log
Ωm
Ω0
)
= log
Ωcan
Ω0
in PSH(X,χ0) ∩ L1(X) and log ΩcanΩ0 <∞.
Let hcan = Ω−1can be the hermitian metric on KX . By the construction of Ωm,
|σ|2hmcan <∞
for any section σ ∈ H0(X,mKX). Hence ΨX,ǫΩcan <∞ and
H0(X,OX(mKX)⊗ I(hmcan))→ H0(X,OX(mKX))
is an isomorphism and (KX , hcan) is an analytic Zariski decomposition.
✷
Proposition 4.9 Let Ω† = (π†)∗Ωcan. There exists a closed positive (1, 1)-current ω† on Y †
such that
(
Φ†
)∗
ω† =
√−1∂∂ log Ω† on a Zariski open set of X†. Furthermore, on a Zariski
open set of Y †, we have
(ω†)κ = (Φ†)∗Ω†, (4.23)
and so
Ric(ω†) = −ω† + ωWP . (4.24)
Proof Let ψm = ϕm + log ΩmΩm0 . Both ψm and ϕm descend to Y
† and by Proposition 4.8
lim
m→∞
ψm = ψ∞ = log
Ω†
Ωm0
.
Consider
Xm X†
Ym Y †
❄
Ψm
♣♣♣♣♣♣♣✛fm
❄
Φ†
♣♣♣♣♣♣♣✛
gm
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For simplicity, we use ωm for (gm)∗ωm. Let Dm0 be a divisor of Y † such that on X\Dm0 , ω0 is
smooth and log Ω†
Ωm0
<∞. Also on Y \Dm0 ,
(ωm0 +
√−1∂∂ψm)κ = eϕm(Φ†)∗Ωm.
Since ψm converges uniformly on any compact set of Y †\Dm0 to ψ∞, we have on Y †\Dm0 ,
(ωm0 +
√−1∂∂ψ∞)κ = lim
m→∞
(ωm0 +
√−1∂∂ logψm)n = lim
m→∞
eϕm(Φ†)∗Ωm = (Φ†)∗Ω†.
Let ω† = ωm0 +
√−1∂∂ψ∞. Since it is a closed positive current on Y †\Dm0 and it can be
extended to a closed positive current on Y .
Also (Φ†)∗ωm0 =
√−1∂∂ log Ωm0 on X†\(π†)−1(Bs(|m0!KX |)). This implies that on
X†\(π†)−1(Bs(|m0!KX |)),
(Φ†)∗ω† =
√−1∂∂ log Ω†.
Furthermore, we have Ωm0
Ω†
=
(Φ†)∗Ωm0
(Φ†)∗Ω†
and so
Ric(ω†) =
√−1∂∂ log(Φ†)∗Ω†
= −ω† +√−1∂∂ log(Φ†)∗Ωm0 −
√−1∂∂ log Ωm0
= −ω† + ωWP .
✷
Proposition 4.8 and Proposition 4.9 conclude the proof of Theorem B.2.
4.5 Uniqueness assuming finite generation of the canonical ring
If the canonical ring (X,RX) is finitely generated, the canonical model Xcan is unique and can
be constructed by the pluricanonical system |mKX | for sufficiently large m. In this section,
we will prove the uniqueness of the canonical measures constructed in Section 4.3 and 4.4 by
assuming finite generation of the canonical ring. Furthermore, the canonical measure can be
considered as a birational invariant.
Theorem 4.2 Let X be an algebraic manifold of general type. If the canonical ring R(X,KX)
is finitely generated, the Ka¨hler-Einstein measure in Theorem B.1 is constructed in finite steps.
Furthermore, it is continuous on X and smooth on a Zariski open dense set of X .
Theorem 4.2 is an immediate consequence from the proof of Theorem B.1 with the assump-
tion of finite generation of the canonical ring. The following theorem is proved in [EyGuZe1].
Theorem 4.3 Let X be an algebraic manifold of general type. If the canonical ring R(X,KX)
is finitely generated, Xcan will have only canonical singularities and there exists a unique
Ka¨hler-Einstein metric ωcan on Xcan with a continuous potential.
Theorem C.1 is then proved as a corollary of Theorem 4.2 and Theorem 4.3.
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Corollary 4.4 Let X be an n-dimensional algebraic manifold of general type. Suppose that the
canonical ring R(X,KX) is finitely generated and π : X 99K Xcan is the pluricanonical map.
Let ωcan be the unique Ka¨hler-Einstein metric on Xcan as in Theorem 4.3 and ΩKE = π∗(ωncan).
Then (X,Ω−1KE) coincides with the analytic Zariski decomposition constructed in Theorem B.1.
Proof Since the canonical ring R(X,KX) is finitely generated, the pluricanonical map is sta-
bilized for sufficiently large power so that the proof of Theorem B.1 terminates in finite steps.
It is then straightforward to check that the Ka¨hler-Einstein metric constructed in Theorem B.1
satisfies the same Monge-Ampe`re equation on the unique canonical model of X in Theorem 4.3
(see [EyGuZe1]).
We shall now prove Theorem C.2.
Definition 4.2 Suppose that X is an n-dimensional algebraic manifold of Kodaira dimension
0 < κ < n and the canonical ring R(X,KX) is finitely generated. Let Φ : X 99K Xcan be
the pluricanonical map. There exists a nonsingular model X† of X and the following diagram
holds
X X†
Xcan
♣
♣
♣
♣
♣
♣❘Φ
✛ π
†
 
  ✠ Φ†
(4.25)
where π† is barational and the generic fibre of Φ† has Kodaira dimension 0.
1. Then the pushforward measure Φ∗Ω on Xcan is defined by
Φ∗Ω = (Φ†)∗
(
(π†)∗Ω
)
. (4.26)
2. Let Φ = Φm be the pluricanonical map associated to a basis {σjm}dmjm=0 of the linear
system |mKX |, for m sufficiently large. Let Ωm =
(∑dm
jm=0
σjm ⊗ σjm
) 1
m
and ωFS be the
Fubini-Study metric of CPdm restricted on Xcan associated to Φm. Then we defined ω¯WP
by
ω¯WP =
1
m
ωFS +
√−1∂∂ log Φ∗Ωm. (4.27)
In particular, ω¯WP coincides with ωWP in Definition 4.1 on a Zariski open set of Xcan.
Lemma 4.10 Φ∗Ω is independent of the choice of the diagram in Definition 4.2.
Proof Let ρ be a test function on Xcan. Then∫
Xcan
ρΦ∗Ω =
∫
X†
(
(Φ†)∗ρ
)
(φ†)∗Ω =
∫
X
(Φ∗ρ) Ω,
which is independent of the choice of the diagram 4.25.
✷
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Since the generic fibre of Φ† has Kodaira dimension 0, by the same argument in Lemma 4.5,
we have the following lemma.
Lemma 4.11 Let {σ(1)jp }
dp
jp=0
and {σ(2)jq }
dq
jq=0
be basis of the linear systems |pKX | and |qKX |,
for p and q sufficiently large. Let Ω(1) =
(∑dp
jp=0
σjp ⊗ σjp
) 1
p
and Ω(2) =
(∑dq
jq=0
σjq ⊗ σjq
) 1
q
.
Then (π†)∗
(
Ω(1)
Ω(2)
)
is constant on any generic fibre and so
(π†)∗
(
Ω(1)
Ω(2)
)
= (Φ†)∗
(
Φ∗Ω(1)
Φ∗Ω(2)
)
. (4.28)
Lemma 4.12 The definition of ω¯WP only depends on X .
Proof By Lemma 4.10, the definition of ΩWP does not depend on the choice of the diagram
4.13. Let {σ(1)jp }
dp
jp=0 and {σ(2)jq }
dq
jq=0 be basis of the linear systems |pKX | and |qKX |, for p and q
sufficiently large. Let Ω(1) =
(∑dp
jp=0 σjp ⊗ σjp
) 1
p
and Ω(2) =
(∑dq
jq=0 σjq ⊗ σjq
) 1
q
.
Let ω(1)FS and ω
(2)
FS be the Fubini-Study metrics of CPdp and CPdq restricted on Xcan associ-
ated to Φp and Φq . Then by avoiding the base locus of R(X†, KX†), there exist a Zariski open
set U of Xcan and a Zariski open set V of X†, such that on V
1
p
(Φ†)∗ω(1)FS =
√−1∂∂ log(φ†)∗Ω(1), 1
q
(Φ†)∗ω(2)FS =
√−1∂∂ log(φ†)∗Ω(2)
and so on U ,
1
p
ω
(1)
FS −
1
q
ω
(2)
FS =
√−1∂∂ log
(
Φ∗Ω(1)
Φ∗Ω(2)
)
. (4.29)
Since 1
p
ω
(1)
FS and 1qω
(2)
FS are in the same class, and log
(
Φ∗Ω(1)
Φ∗Ω(2)
)
is in L∞(Xcan), Equation 4.29
holds everywhere on Xcan. Therefore the following equality completes the proof of the lemma
1
p
ω
(1)
FS −
√−1∂∂ log Φ∗Ω(1) = 1
q
ω
(2)
FS −
√−1∂∂ log Φ∗Ω(2).
✷
Theorem 4.4 Suppose that X is an n-dimensional algebraic manifold of Kodaira dimension
0 < κ < n. If the canonical ring R(X,KX) is finitely generated, Xcan is the canonical model
of X , then there exists a unique canonical measure Ωcan on X satisfying
1. Ωcan is continuous on X and smooth on a Zariski open set of X .
2. 0 <
Ωcan
ΨX,M
<∞ and (KX ,Ω−1can) is an analytic Zariski decomposition.
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3. Let Φ : X 99K Xcan be the pluricanonical map. Then there exists a unique closed
positive (1, 1)-current ωcan with bounded local potential on Xcan such that Φ∗ωcan =√−1∂∂ log Ωcan outside the base locus of the pluricanonical system. Furthermore,
(ωcan)
κ = Φ∗Ωcan,
so on a Zariski open set of Xcan we have
Ric(ωcan) = −ωcan + ω¯WP .
Furthermore, Ωcan is invariant under birational transformations.
Proof If R(X,KX) is finitely generated, there exists the following diagram
X X†
Xcan
♣
♣
♣
♣
♣
♣❘Φ
✛ π
†
 
  ✠ Φ†
where Xcan is the canonical model of X and X† is the resolution of the stable base locus of the
pluricanonical systems such that
(
π†
)∗
MKX = LM + EM for sufficiently large M , where LM
is globally generated and EM is the fixed part of
∣∣(π†)∗MKX ∣∣ with EM being a divisor with
normal crossings. X† is an Iitaka fibration over Xcan such that the generic fibre has Kodaira
dimension 0. Let {σj}dMj=0 be a basis of H0(X,MKX) and {ζj}dMj=0 be a basis of H0(X,LM)
such that
(
π†
)∗
σj = ζjEM .
Let Ω = π†
(∑M
m=0
∑dm
jm=0
|σjm |
2
m
)
be a degenerate smooth volume form on X† and
ω = 1
M
√−1∂∂ log
(∑dM
j=0 |ζj|2
)
. Then the following Monge-Ampe`re equation has a unique
continuous solution ϕ on Xcan (
ω +
√−1∂∂ϕ)κ = eϕ(Φ†)∗Ω. (4.30)
Furthermore, ϕ is smooth on a Zariski open set X◦can of Xcan and so is ωcan = ω +
√−1∂∂ϕ.
Let Θ = Ω
(Φ†)∗(Φ†)∗Ω
be an (n− κ, n− κ)-current on X†. On a generic fibre F , Θ|F = η ∧ η¯
for some η ∈ H0(X,KF ). So without loss of generality, we assume that on X◦can,
ωWP =
√−1∂∂ log Θ− 1
M
√−1∂∂ log |EM |2.
Therefore on X◦can
Ric(ωcan) = −ωcan + ω¯WP .
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On the other hand, we define
Ωcan = ((π
†)−1)∗ (eϕΩ) = eΦ
∗ϕ
(
M∑
m=0
dm∑
jm=0
|σjm|
2
m
)
.
From the regularity of ϕ, Ωcan is continuous on X and smooth on a Zariski open set of X and
√−1∂∂ log Ωcan =
√−1∂∂ log
(
M∑
m=0
dm∑
jm=0
|σjm |
2
m
)
+
√−1∂∂Φ∗ϕ = Φ∗ωcan.
We then shall prove the uniqueness of Ωcan. Suppose there exists another measure Ω′ sat-
isfying the assumptions in the theorem. Then let Ω′ = eϕ′Ω. Since Φ∗ωFS =
√−1∂∂ log Ω
and
√−1∂∂ log Ω′ −√−1∂∂ log Ω is a pullback from Xcan. Therefore on a Zariski open set a
generic fibre F of Φ†, we have
√−1∂F∂F log(π†)∗
(
Ω′
Ω
= 0
)
=
√−1∂F∂F (π†)∗ϕ′.
Since (π†)∗ϕ′ ∈ L∞(F ), (π†)∗ϕ′ is constant along F . So ϕ′ descends to Xcan and satisfies
the following Monge-Ampe`re equation
(ω +
√−1∂∂ϕ′)κ = eϕ′Φ∗Ω. (4.31)
By the uniqueness of the solution of Equation 4.31, Ω′ = Ωcan and we have proved the unique-
ness of Ωcan.
Finally we shall prove that Ωcan and Φ∗ωcan are birational invariants. Suppose X(1) and X(2)
are birational with Xcan being the canonical model. Then we have the following diagram
X(1) X(2)
Xcan
♣
♣
♣
♣
♣
♣❘Φ(1)
♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣✛ f
♣
♣
♣
♣
♣
♣✠ Φ(2)
where f is birational, Φ(1) and Φ(2) are the pluricanonical maps. Fix Ω on X(1) as constructed as
in the proof of uniqueness, then by Hartog’s theorem, f ∗Ω is smooth and can be constructed the
same way. By replacing X(1) and X(2) by their Iitaka fibration, it is straightforward to show that
(Φ(1))∗Ω = (Φ(2))∗ (f ∗Ω) .
Let (Φ(1))∗ω =
√−1∂∂ log Ω, Ω(1) = eϕ(1)Ω and Ω(2) = eϕ(2)f ∗Ω be the unique canonical
measures on X(1) and X(2). Both ϕ(1) and ϕ(2) descend to PSH(X,ω) ∩ L∞(Xcan) and satisfy
(ω +
√−1∂∂ϕ)κ = eϕ(Φ(1))∗Ω.
The uniqueness of the solution to the above Monge-Ampe`re equation implies that ϕ(1) = ϕ(2)
and so
f ∗Ω(1) = Ω(2).
✷
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5 The Ka¨hler-Ricci flow
5.1 Reduction of the normalized Ka¨hler-Ricci flow
Let X be an n-dimensional compact Ka¨hler manifold. A Ka¨hler metric can be given by its
Ka¨hler form ω on X . In local coordinates z1, ..., zn, we can write ω as
ω =
√−1
n∑
i,j=1
gij¯dzi ∧ dzj¯ ,
where {gij¯} is a positive definite hermitian matrix function. Consider the normalized Ka¨hler-
Ricci flow 

∂ω(t, ·)
∂t
= −Ric(ω(t, ·))− ω(t, ·),
ω(0, ·) = ω0.
(5.1)
where Ric(ω(t, ·)) denotes the Ricci curvature of ω(t, ·) and ω0 is a given Ka¨hler metrics.
Let Ka(X) denote the Ka¨hler cone of X , that is,
Ka(X) = {[ω] ∈ H1,1(X,R) | [ω] > 0}.
Suppose that ω(t, ·) is a solution of (5.1) on [0, T ). Then its induced equation on Ka¨hler classes
in Ka(X) is given by the following ordinary differential equation

∂[ω]
∂t
= −2πc1(X)− [ω]
[ω]|t=0 = [ω0].
(5.2)
It follows
[ω(t, ·)] = −2πc1(X) + e−t([ω0] + 2πc1(X)).
Now if we assume that canonical bundleKX is semi-positive, then for a sufficiently large integer
m, the pluricanonical map associated to H0(X,mKX) gives rise to an algebraic fibre space
f : X → Xcan, where Xcan is the canonical model of X . Recall the Kodaira dimension kod(X)
of X is defined to be the dimension of Xcan. Moreover, there is a smooth Ka¨hler form χ as
the Fubini-Study metric associated to a basis of H0(X,mKX) on the normal Ka¨hler space Xcan
such that f ∗χ represents −2πc1(X). Choose the reference Ka¨hler metric ωt by
ωt = χ+ e
−t(ω0 − χ). (5.3)
Here we abuse the notation by identifying χ and f ∗χ for simplicity. Then the solution of (5.1)
can be written as
ω = ωt +
√−1∂∂ϕ.
We can always choose a smooth volume form Ω on X such that Ric(Ω) = χ. Then the evolution
for the Ka¨hler potential ϕ is given by the following initial value problem:

∂ϕ
∂t
= log
e(n−κ)t(ωt +
√−1∂∂ϕ)n
Ω
− ϕ
ϕ|t=0 = 0,
(5.4)
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where κ = kod(X).
5.2 Ka¨hler-Ricci flow on algebraic manifolds with semi-positive canonical
line bundle
Theorem 5.1 Let X be a nonsingular algebraic variety with semi ample canonical line bundle
KX and so X admits a holomorphic fibration over its canonical model Xcan f : X → Xcan.
Then for any initial Ka¨hler metric, the Ka¨hler-Ricci flow (1.1) has a global solution ω(t, ·) for
all time t ∈ [0,∞) satisfying:
1. ω(t, ·) converges to f ∗ω∞ ∈ −2πc1(X) as currents for a positive current ω∞ on Σ.
2. ω∞ is smooth on X◦can and satisfies the generalized Ka¨hler-Einstein equation on X◦can
Ric(ω∞) = −ω∞ + ωWP , (5.5)
where ωWP is the induced Weil-Petersson metric.
3. for any compact subset K ∈ Xreg, there is a constant CK such that
||R(t, ·)||L∞(K) + e(n−κ)t sup
f−1(s)∈K
||(ω(t, ·))n−κ|f−1(s)||L∞ ≤ CK . (5.6)
Corollary 5.1 Let X be a nonsingular algebraic variety with semi-ample canonical bundle. If
X◦can = Xcan, i.e., Xcan is nonsingular and f : X → Xcan has no singular fibres, then for any
initial Ka¨hler metric, the Ka¨hler-Ricci flow (1.1) converges to a smooth limit metric f ∗ω∞ ∈ KX
satisfying
Ric(ω∞) = −ω∞ + ωWP . (5.7)
Step 1. Zeroth order and volume estimates
We will first derive the zeroth order estimates for ϕ and dϕ
dt
.
Lemma 5.1 Let ϕ be a solution of the Ka¨hler-Ricci flow (5.4). There exists a constant C > 0
such that on [0,∞)×X
1. ϕ ≤ C,
2. ∂ϕ
∂t
≤ C,
3. e
(n−κ)tωn
Ω
≤ C.
Proof The lemma is a straightforward application of the maximum principle and can be proved
by the same argument as in [SoTi].
✷
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Proposition 5.1 There exists a constant C > 0 such that on [0,∞)×X
|ϕ| ≤ C. (5.8)
Proof Rewrite the parabolic flow as a family of Monge-Ampe`re equations
(ωt +
√−1∂∂ϕ)n = e ∂ϕ∂t +ϕ−(n−κ)tΩ.
We will apply Theorem 2.5 by letting F (t, ·) = e ∂ϕ∂t +ϕ−(n−κ)t. Notice that there exists a
constant C1 > 0 such that 0 < F ≤ C1e−(n−κ)t,
e−(n−κ)t
C1
≤ [ωt]n ≤ C1e−(n−κ)t
and
e−(n−κ)t
C1
χκ ∧ ωn−κ0 ≤ ωnt ≤ C1e−(n−κ)tΩ.
The assumptions in Theorem 2.5 for F and ωt are satisfied. Therefore supX ϕ − infX ϕ is
uniformly bounded for all t ∈ [0,∞). Since ϕ is uniformly bounded from above, the proposition
is proved and the uniform C0-estimate is obtained.
✷
The following estimate can be proved in the same way as in [SoTi].
Lemma 5.2 There exists a divisor D on Xcan and constants C1 and C2 > 0 such that
∂ϕ
∂t
≥ C1 log |S|2h − C2, (5.9)
where S is a defining section of f ∗D and h is a fixed smooth hermitian metric of the line bundle
associated to [f ∗D].
Step 2. Partial second order estimates and collapsing
Proposition 5.2 There exist a divisor D on Xcan and constants λ, C > 0 such that
trω(χ) ≤ C|S|2λh
, (5.10)
where S is a defining section of f ∗D and h is smooth hermitian metric of the line bundle asso-
ciated to the divisor [f ∗D].
Proof Since Xcan might be singular, we can consider the nonsingular model f ′ : X ′ → Y ′ for
f : X → Xcan such that following diagram commutes
X X ′
Xcan Y
′
❄
f
✛ π
❄
f ′
✛
µ
44
where π and µ are birational.
Let ϕ′ = π∗ϕ, χ′ = µ∗χ, ω′0 = π∗ω and ω′ = π∗ω. We also write χ′ for (f ′)∗χ′ for
simplicity.
Let θ be a Ka¨hler form on Y ′ such that θ ≥ χ′. For simplicity, we identify θ and χ′ with
(f ′)∗θ and (f ′)∗χ′. Since χ′ is semi-positive induced by the Fubini-Study metric and it only
vanishes along a subvariety of Y ′ with finite order, there exists a divisor D1 on Y ′ such that
θ ≤ 1|S1|2h1
χ′,
where S1 is a defining section of (f ′)∗D1 with h1 a smooth hermitian metric of the line bundle
associated to [(f ′)∗D1]. Without loss of generality, we can assume that the support of µ∗D in
Lemma 5.2 is contained in D1.
Let
u = trg′(θ) = (g′)ijθij ,
where g′ is the Ka¨hler metric associated to ω′. The Ka¨hler-Ricci flow for ω can be pulled back
to the Ka¨hler-Ricci flow for ω′ on X ′ outside the exceptional divisors. Let ∆′ be the Laplace
operator associated to g′. We have then
trg′(θ) ≤ 1|S1|2h1
trg′(χ′).
Following the similar calculation in [SoTi], we have(
∂
∂t
−∆′
)
log u ≤ C(u+ 1) (5.11)
Since [χ′] is big and semi-ample, there exists a divisor D2 on Y ′ such that [χ′] − ǫ[D2] is
ample for any ǫ > 0. Then let S2 be the defining section for (f ′)∗D2 and there exists a smooth
hermitian metric h2 on the line bundle associated to [D2] such that
χ′ − ǫΘh2 = χ′ + ǫ
√−1∂∂ log h2 > 0.
For simplicity, we identify h2 and (f ′)∗h2.
Let D3 be a divisor on X ′ containing the exceptional divisor of π on X ′. Let S3 be the
defining section of [D3]. There exists a smooth hermitian metric h3 on the line bundle associated
to [D3] such that for all sufficiently small δ > 0
ω′0 + δΘh3 ≥ 0.
We define
ϕ′ǫ = ϕ
′ − ǫ log |S2|2h2.
Then there exists a constant C > 0 depending on ǫ such that
∆′ϕ′ǫ = n− trg′(ω′t − ǫΘh2) ≤ n− Ctrg′θ − e−ttrg′(ω′0) = n− Cu− e−ttrg′(ω′0).
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Calculate for sufficiently large A > 0 and small ǫ > 0 and δ > 0(
∂
∂t
−∆′
)(
log
(
|S1|4h1|S3|2δe
−t
h3 u
)
− 2Aϕ′ǫ
)
≤ −Au+ C − δe−t log |S3|2h3 − 2A
∂ϕ
∂t
′
.
for all t > 0 in X ′\(D1 ∪D2 ∪D3).
The maximum of log
(
|S1|4h1|S3|2δe
−t
h3
u
)
−2Aϕ′ǫ can only be achieved onX ′\(D1∪D2∪D3).
The maximum principle implies that there exist constants λ, C > 0 independent of δ such that
for all (t, z) ∈ [0,∞)×X ′
u(t, z) ≤ C
(
|S1|−2λh1 |S2|−2λh2 |S3|−2δe
−t
h3
)
(z).
The proposition is then proved by letting δ → 0.
✷
From the uniform upper bound of ωn, one immediately concludes that the volume of a reg-
ular fibre of f tends to 0 exponentially fast uniformly away from the singular fibres.
Corollary 5.2 There exists a divisor D on Xcan and constants λ, C > 0 such that for all t ≥ 0
and s ∈ Xcan (
ω|Xs
)n−κ(
ω0|Xs
)n−κ ≤ e−(n−κ)t C|S|2h , (5.12)
where ω0|Xs and ω|Xs are the restriction of ω0 and ωs on Xs = f−1(s), S is a defining section
of f ∗D and h is smooth hermitian metric of the line bundle associated to the divisor [f ∗D].
Proof Notice that
(
ω|Xs
)n−κ(
ω0|Xs
)n−κ = ωn−κ ∧ χκωn−κ0 ∧ χκ =
ωn−κ ∧ χκ
ωn
ωn
ωn−κ0 ∧ χκ
≤ C
(
ωn−1 ∧ χ
ωn
)κ
ωn
ωn−κ0 ∧ χκ
.
The corollary is then proved by Lemma 5.1 and Proposition 5.2.
✷
Corollary 5.3 For any compact set K ⊂ X◦can, there exists a constantCK such that for all t ≥ 0
and s ∈ K
sup
Xs
ϕ(t, ·)− inf
Xs
ϕ(t, ·) ≤ CKe−t. (5.13)
Proof The Poincare and Sobolev constants with respect to ω0|Xs for s ∈ K are uniformly
bounded. The proof of the corollary is achieved by Corollary 5.2 and Moser’s iteration in Yau’s
C0-estimate for the Calabi conjecture.
✷
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Step 3. Gradient estimates The gradient estimates in this section are obtained in the same way
as in [SoTi] and it is an adaption from the gradient estimate in [ChYa] and the argument in [Pe]
to obtain a uniform bound for
∣∣∇∂ϕ
∂t
∣∣
g
and the scalar curvatureR. Let u = ∂ϕ
∂t
+ϕ = log e
(n−κ)tω2
Ω
.
The evolution equation for u is given by
∂u
∂t
= ∆u+ trω(χ)− (n− κ). (5.14)
We will obtain a gradient estimate for u, which will help us bound the scalar curvature from
below. Note that u is uniformly bounded from above, so we can find a constant A > 0 such that
A− u ≥ 1.
Theorem 5.2 There exist constants λ, C > 0 such that
1. |S|2λh |∇u|2 ≤ C(A− u),
2. −|S|2λh ∆u ≤ C(A− u),
where ∇ is the gradient operator with respect to the metric g associated to ω along the flow and
| · | = | · |g.
Theorem 5.2 is proved the same way as in [SoTi] with little modification. The following
corollary is immediate by Theorem 5.2, Lemma 5.1 and Lemma 5.2.
Corollary 5.4 For any δ > 0, there exist constants λ, C > 0 such that
1. |S|2λh |∇u|2 ≤ C,
2. −|S|2λh ∆u ≤ C.
Now we are in the position to prove a uniform bound for the scalar curvature. The following
corollary tells that the Ka¨hler-Ricci flow will collapse with bounded scalar curvature away from
the singular fibres.
Corollary 5.5 Along the Ka¨her-Ricci flow (1.1) the scalar curvature R is uniformly bounded on
any compact subset of Xreg. More precisely, there exist constants λ, C > 0 such that
− C ≤ R ≤ C|S|2λh
. (5.15)
Proof It suffices to give an upper bound for R since the scalar curvatureR is uniformly bounded
from below by the maximum principle (cf. [SoTi]). Notice that Rij = −uij − χij and then
R = −∆u − trω(χ).
By Corollary 5.4 and the partial second order estimate, there exist constants λ6, C > 0 such that
R ≤ C|S|2λh
.
✷
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Step 4. Uniform convergence
Let ϕ∞ be the unique solution solving equation (3.12) in Theorem 3.2. We identify f ∗ϕ∞ and
ϕ∞ for convenience.
Since KX is semi-ample, there exists an ample line bundle L on Xcan such that KX =
f ∗ L = 1
m
f ∗O(1) for a fixed pluricanonical map. Let D be an ample divisor on Xcan such that
[D] = µ[L] for a sufficiently large integer µ, Xcan \X◦can ⊂ D and ϕ∞ ∈ C∞(Xcan \D). Let
SD be the defining section of D. Let hFS be the Fubini study metric on O(1) induced by the
pluricanonical map. Then there exists a continuous hermitian metric hD = (hFS)
µ
m e−µϕ∞ on
Lµ such that −√−1∂∂ log hD = µχ∞ since ϕ∞ is continuous.
We define
Br(D) = {y ∈ Xcan | distχ(y,D) ≤ r}
be the geodesic tubular neighborhood of D with respect to χ and we let Br(D) = f−1 (Br(D)).
Since ϕ∞ is bounded on X and ϕ is uniformly bounded from above. Therefore for any
ǫ > 0, there exists rǫ > 0 with limǫ→0 rǫ = 0, such that for any z ∈ Brǫ(D) and t ≥ 0 we have(
ϕ− ϕ∞ + ǫ log |SD|2hD
)
(t, z) < −1
and (
ϕ− ϕ∞ − ǫ log |SD|2hD
)
(t, z) > 1
Let ηǫ be a smooth cut off function on Xcan such that ηǫ = 1 on Xcam \ Brǫ(D) and ηǫ = 0
on B rǫ
2
(D).
Suppose the semi-flat closed form is given by ωSF = ω0 +
√−1∂∂ρSF and ρSF blows up
near the singular fibres. We let ρǫ be an approximation for ρSF given by
ρǫ = (f
∗ηǫ) ρSF .
We also define ωSF,ǫ = ω0 +
√−1∂∂ρǫ. Now we define the twisted difference of ϕ and ϕ∞ by
ψ−ǫ = ϕ− (1 + ǫ)ϕ∞ − e−tρǫ + ǫ log |SD|2hD
and
ψ+ǫ = ϕ− (1− ǫ)ϕ∞ − e−tρǫ − ǫ log |SD|2hD
where SD is the defining section of D and h is a fixed smooth hermitian metric of the line bundle
induced by [D]. We identify f ∗
(|SD|2hD) and |SD|2hD for convenience.
Proposition 5.3 There exists ǫ0 > 0 such that for any 0 < ǫ < ǫ0, there exists Tǫ > 0 such that
for any z ∈ X and t > Tǫ we have
ψ−ǫ (t, z) ≤ 2ǫ. (5.16)
and
ψ+ǫ (t, z) ≥ −2ǫ. (5.17)
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Proof The evolution equation for ψ−ǫ is given by
∂ψ−ǫ
∂t
= log
e(n−κ)t((1 + ǫµ− e−t)χ∞ + e−tωSF,ǫ +
√−1∂∂ψ−ǫ )n
Cn,κχκ∞ ∧ ωn−κSF
− ψ−ǫ − ǫϕ∞ + ǫ log |S|2h.
(5.18)
Since ρǫ is bounded on X , we can always choose T1 > 0 sufficiently large such that for t > T1
1. ψ−ǫ (t, z) < −12 on Brǫ(D),
2.
∑κ−1
p=0 Cn,pe
−(n−p)t
∣∣∣χp∞∧ωn−pSF
χκ∞∧ωn−κSF
∣∣∣ ≤ ǫ on X \ Brǫ(D).
We will discuss in two cases for t > T1.
1. If ψ−ǫ,max(t) = maxX ψ−ǫ (t, ·) = ψ−ǫ (t, zmax,t) > 0 for all t > T1. Then zmax,t ∈ X \
Brǫ(D) for all t > T1 and so ωSF,ǫ(zmax,t) = ωSF (zmax,t). Applying the maximum
principle at zmax,t, we have
∂ψ−ǫ
∂t
(t, zmax,t)
≤
(
log
e(n−κ)t((1 + ǫµ− e−t)χ∞ − ǫϕ∞ + e−tωSF,ǫ)n
Cn,κχκ∞ ∧ ωn−κSF
− ψ−ǫ − ǫϕ∞ + ǫ log |S|2h
)
(t, zmax,t)
=

log
∑κ
p=0
(
n
κ
)
(1 + ǫµ− e−t)pχp∞ ∧ ωn−pSF,ǫ(
n
κ
)
χκ∞ ∧ ωn−κSF
− ψ−ǫ − ǫϕ∞ + ǫ log |S|2h

 (t, zmax,t)
≤ −ψ−ǫ (t, zmax,t) + log (1 + (A+ 1)ǫ) + ǫ.
Applying the maximum principle again, we have
ψ−ǫ ≤ (A+ 2)ǫ+O(e−t) ≤ (A+ 3)ǫ), (5.19)
if we choose ǫ sufficiently small in the beginning and then t sufficiently large.
2. If there exists t0 ≥ T1 such that maxz∈X ψ−ǫ (t0, z) = ψ−ǫ (t0, z0) < 0 for some z0 ∈ X .
Assume t1 is the first time when maxz∈X,t≤t1 ψ−ǫ (t, z) = ψ−ǫ (t1, z1) ≥ (A + 3)ǫ. Then
z1 ∈ X \Brǫ(D) and applying the maximum principle we have
ψ−ǫ (t1, z1) ≤

log e(n−κ)t((1 + ǫµ− e−t)χ∞ + e−tωSF,ǫ)n( n
κ
)
χκ∞ ∧ ωn−κSF
− ψ−ǫ − ǫϕ∞ + ǫ log |S|2h

 (t1, z1)
≤ log(1 + (A+ 1)ǫ) + ǫ < (A+ 2)ǫ.
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which contradicts the assumption that ψ−ǫ (t1, z1) ≥ (A+ 3)ǫ. Hence we have
ψ−ǫ ≤ (A+ 3)ǫ.
By the same argument we have
ψ+ǫ ≥ −(A+ 3)ǫ.
This completes the proof. ✷
Proposition 5.4 On any compact set K of X\D, we have
lim
t→∞
||ϕ(t, ·)− ϕ∞(·)||C0(K) = 0. (5.20)
Proof By Proposition 5.3, we have for t > Tǫ
ϕ∞(t, z) + ǫ log |S|2h(t, z)− 3ǫ ≤ ϕ(t, z) ≤ ϕ∞(t, z)− ǫ log |S|2h(t, z) + 3ǫ.
Then the proposition is proved by letting ǫ→ 0.
✷
5.3 Ka¨hler-Ricci flow and minimal model program
The Ka¨hler-Ricci flow on algebraic manifolds of positive Kodaira dimension seems to be closely
related to the minimal model program in algebraic geometry.
For any nonsingular minimal model X of positive Kodaira dimension, the canonical line
bundle KX is nef and so the Ka¨hler-Ricci flow (5.1) has long time existence [TiZha]. The
abundance conjecture predicts that KX is semi-ample, hence the canonical ring of X is finitely
generated. If we assume the abundance conjecture, the Ka¨hler-Ricci flow will converge to the
unique canonical metric on the canonical model Xcan associated to X for any initial Ka¨hler
metric by Theorem A.
If X is not minimal, the Ka¨hler-Ricci flow (5.1) will develop finite time singularities. Let T1
be the first time such that e−t[ω0]− (1− e−t)2πc1(X) fails to be a Ka¨hler class. Adopting argu-
ments in [TiZha], one can show that there is a unique limiting current ωT1(·) = lim
t→T−1
ω(t, ·) ∈
e−T1[ω0]−(1−e−T1)2πc1(X) and it is smooth outside an analytic subvariety of X . Furthermore,
the local potential ϕT1 of ωT1 is continuous. We conjecture that X1, the metric completion of
ωT1 , is again an algebraic variety and X1 can be obtained by certain standard algebraic procedure
such as a blow-down or flip. It is reasonable to expect that such a variety X1 does not have too
bad singularities. In particular, we expect that a weak Ka¨hler-Ricci flow can be defined on X1.
Suppose this is true, we hope that the above procedure can be repeated as long as the canonical
line bundle is not nef. We further conjecture that after repeating the above process finitely many
times, we obtain the metric completions X1, X2, ... , XN such that KXN is nef ! Consequently,
XN is a minimal model of X .
It provides a new understanding of the minimal model program from an analytic point of
view. We believe that it is interesting to further explore this connection between the minimal
model program and the study of the regularity and convergence problem of the Ka¨hler-Ricci
flow on algebraic varieties.
50
6 Adjunction formulas for energy functionals
6.1 Generalized constant scalar curvature Ka¨hler metrics
In fact, the canonical metrics in Section 3 belong to a class of Ka¨hler metrics which generalize
Calabi’s extremal metrics. Let Y be a Ka¨hler manifold of complex dimension n together with
a fixed closed (1,1)-form θ. Fix a Ka¨hler class [ω], denote by K[ω] the space of Ka¨hler metrics
within the same Ka¨hler class, that is, all Ka¨hler metrics of the form ωϕ = ω +
√−1∂∂¯ϕ. One
may consider the following equation:
∂¯Vϕ = 0, (6.1)
where Vϕ is defined by
ωϕ(Vϕ, ·) = ∂¯(S(ωϕ)− trωϕ(θ)). (6.2)
Clearly, when θ = 0, (6.1) is exactly the equation for Calabi’s extremal metrics. For this reason,
we call a solution of (6.1) a generalized extremal metric. If Y does not admit any nontrivial
holomorphic vector fields, then any generalized extremal metric ωϕ satisfies
S(ωϕ)− trωϕ(θ) = µ, (6.3)
where µ is the constant given by
µ =
(2πc1(Y )− [θ]) · [ω]n−1
[ω]n
.
Moreover, if 2πc1(Y )− [θ] = λ[ω], then any such a metric satisfies
Ric(ωϕ) = λωϕ + θ,
that is, ωϕ is a generalized Ka¨hler-Einstein metric. This can be proved by an easy application of
the Hodge theory. More interestingly, if we take θ to be the pull-back of ωWP by f : X◦can →
MCY , then we get back those generalized Ka¨hler-Einstein metrics which arise from limits of
the Ka¨hler-Ricci flow.
Let f : X → Σ be a Ka¨hler surface admitting a non-singular holomorphic fibration over
a Riemann surface Σ of genus greater than one, with fibres of genus at least 2. Let V be the
vertical tangent bundle of X and [ωt] = −f ∗c1(Σ)− tc1(V ).
Let χ be a Ka¨hler form in −c1(Σ) and ω0 ∈ −c1(V ). Then ω0 = ωH ⊕ θχ, where ωH is the
hyperbolic Ka¨hler form on each fiber and θ is a smooth function on X . We then set
ωt = χ+ tω0.
The following theorem is proved by Fine in [Fi].
Theorem 6.1 For t > 0 sufficiently small, there exists a constant scalar curvature Ka¨hler metric
in [ωt]. Furthermore, such a family of constant scalar curvature Ka¨hler metrics converge to a
Ka¨hler metric χ∞ on Σ defined by
S(χ∞)− trχ∞(θ) = const. (6.4)
where θ is the Weil-Petersson metric pulled back from the moduli spaces of the fibre curves.
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6.2 Asymptotics of the Mabuchi energy by the large Ka¨hler structure lim-
its
Let X be an n-dimensional compact Ka¨hler manifold and ω a Ka¨hler form. The Mabuchi energy
functional Kω(·) is defined on PSH(X,ω) as follows
Kω(ϕ) =
∫
X
log
ωnϕ
ωn
ωnϕ −
n−1∑
j=0
∫
X
ϕRic(ω) ∧ ωj ∧ ωn−j−1ϕ +
nµ
n+ 1
n∑
j=0
∫
X
ϕωj ∧ ωn−jϕ , (6.5)
where ωϕ = ω +
√−1∂∂ϕ and µ = 2πc1(X)·[ω]n−1
[ω]n
.
Definition 6.1 Let X be a compact Ka¨hler manifold of complex dimension n. Let ω be a Ka¨hler
metric and θ a closed (1, 1)-form onX . Then the generalized Mabuchi energy functionalKω,θ(·)
is defined by
Kω,θ(ϕ) =
∫
X
log
ωnϕ
ωn
ωnϕ −
n−1∑
j=0
∫
X
ϕ(Ric(ω)− θ)∧ ωj ∧ ωn−j−1ϕ +
nµ
n+ 1
n∑
j=0
∫
X
ϕωj ∧ ωn−jϕ , (6.6)
where µ = (2πc1(X)−[θ])·[ω]
n−1
[ω]n
.
The following proposition can be proved by straightforward calculation.
Proposition 6.1
δKω,θ = −
∫
X
δϕ
(
S(ωϕ)− trωϕ(θ)
)
ωnϕ. (6.7)
Therefore
Kω,θ(ϕ) = −
∫ 1
0
∫
X
ϕ˙t (S(ωt)− trωt(θ))ωnt dt (6.8)
where {ϕt}t∈[0,1] is a smooth path in PSH(X,ω) with ϕ0 = 0 and ϕ1 = ϕ, and ωt = ω +√−1∂∂ϕt. The formula 6.8 is independent of the choice of the path ϕt.
LetX be an n-dimensional compact Ka¨hler manifold with semi-ample canonical line bundle.
Suppose 0 < kod(X) = κ < n and Xcan = X◦can, i.e., Xcan is nonsingular and the algebraic
fibration f : X → Xcan has no singular fibre.
Fix χ ∈ −c1(X) as in Section 3.1 and ω0 an arbitrary Ka¨hler form with
∫
Xs
ωn−κ0,s = 1, where
Xs = f
−1(s) and ω0,s = ω0|Xs . Let ωt = χ + tω0 and ωϕ = ωt +
√−1∂∂ϕ. Let ωSF be the
semi-flat form in [ω0]. Then ϕ can always be decomposed as
ϕ = ϕ¯+ tψ
where ϕ¯ =
∫
Xy
ϕωn−kSF is the push-forward of ϕ with respect to the flat metric on the fibres.
Theorem 6.2 Along the above class deformation of the Ka¨hler class on X ,
Kωt(ϕ) =
(
n
κ
)
tn−κ
(Kχ,ωWP (ϕ¯) + +Lχ,χϕ¯,ω0(ψ))+O(tn−κ+1) (6.9)
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and
Lχ,χϕ¯,ω0(ψ) =
∫
s∈Xcan
(∫
Xs
log
ωn−κψ,s
ωn−κ0,s
ωn−κψ,s
)
χκϕ¯ (6.10)
−
n−κ−1∑
j=0
κ∑
i=0
Ai,j
∫
s∈Xcan
(∫
Xs
ψRic(ω0,s) ∧ ωj0,s ∧ ωn−κ−1−jψ,s
)
χi ∧ χκ−iϕ¯ ,
where Ai,j =
(
n
κ
)−1 ( i + j
i
) (
n− 1 − i− j
κ− i
)
and Kχ,ωWP (·) is the generalized Mabuchi energy
on Xcan.
In particular, when χ = χϕ¯,
Lχ,χϕ¯,ω0(ψ) =
∫
s∈Xcan
Kω0,s(ψ)χκ,
where Kχ(·) is the Mabuchi energy on Xcan, Lχ,χϕ¯ω0(·) is defined by
Proof The proof boils down to direct computation. First, calculate∫
X
log
ωnϕ
ωn
ωnϕ = t
n−k
(
n
κ
)(∫
X
log
χκϕ¯
χκ
χκϕ¯ +
∫
Xcan
(∫
Xy
log
ωn−κψ
ωn−κ
ωn−κψ
)
χκϕ¯ +O(t)
)
. (6.11)
Also
−
n−1∑
j=0
∫
X
ϕRic(ω) ∧ ωj ∧ ωn−j−1ϕ
= tn−κ
κ−1∑
j=1
(
n
κ
)∫
Xcan
ϕ¯ (−Ric(χ) + ωWP ) ∧ χj ∧ χκ−j−1ϕ¯
−tn−κ
n−κ−1∑
j=0
κ+j∑
i=j
Ai,j
∫
s∈Xcan
(∫
Xs
Ric(ω0,s) ∧ ωj0,s ∧ ωn−κ−1−jψ,s
)
χi ∧ χκ−iϕ¯ +O(tn−κ+1)
and
n∑
j=0
∫
X
ϕω
j
t ∧ ωn−jϕ =
(
n + 1
κ + 1
)
tn−κ
κ∑
j=0
∫
Xcan
ϕ¯χj ∧ χκ−jϕ¯ +O(tn−κ+1). (6.12)
The theorem follows from straightforward calculation by combining the above formulas.
Kωt(ϕ)
=
(
n
κ
)
tn−κ
(∫
Xcan
log
χκϕ¯
χκ
χκϕ¯ −
∫
Xcan
ϕ¯(Ric(χ)− ωWP ) ∧ χj ∧ χκ−jϕ¯ +
κµ¯
κ+ 1
∫
Xcan
ϕ¯χj ∧ χκ−jϕ¯
)
+
(
n
κ
)
tn−κ
∫
s∈Xcan
(∫
Xs
log
ωn−κψ,s
ωn−κ0,s
ωn−κψ,s
)
χκϕ¯
−tn−κ
n−κ−1∑
j=0
m+j∑
i=j
∫
s∈Xcan
(∫
Xs
Ric(ω0,s) ∧ ωj0,s ∧ ωn−κ−1−jψ,s
)
χi−j ∧ χm−i+jϕ¯
+O(tn−κ+1),
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where µ¯ = (2πc1(Xcan)−[ωWP ])·[χ]
κ−1
[χ]κ
.
✷
We also investigate the asymptotics of the Mabuchi energy in the case of a fibred space
studied by Fine in [Fi].
Let f : X → Σ be a Ka¨hler surface admitting a non-singular holomorphic fibration over Σ,
with fibres of genus at least 2. We also assume c1(Σ) < 0. Let V be the vertical tangent bundle
of X and [ωt] = −f ∗c1(Σ)− tc1(V ).
Let χ, ω0 ∈ −c1(V ) and ωt be defined as in Section 6.1. We consider the asymptotics of the
Mabuchi energy Kωt(·) as t tends to 0.
Theorem 6.3 Let ω0 ∈ −c1(V ) be a closed (1, 1) such that its restriction on each fibre is a
hyperbolic metric. Let ωt = χ + tω0 and ωϕ = ωt +
√−1∂∂ϕ be a metric deformation, where
ϕ ∈ C∞(Σ). Then we have
Kωt(ϕ) = 2tKχ,θ(ϕ) +O(t2). (6.13)
Theorem 6.2 and Theorem 6.3 can be considered as an adjunction type formula for the
Mabuchi energy on an algebraic fibre space.
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